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o\Sj 4 B = P" l AP cJtf \b\ ( 5 
f(A) = a n A n + a n _,A n_l + ... + sl { A + a 0 I = Q 

■ f(B) = 0 oi ^ 


62 


P (A) = a n A n + ... + a 0 I = 0 


B" = D“’A n D j B = D-'AD 


•P(B) = 0 


cosh x sinh x 
sinh x cosh x 


cJtf m 15 


cosh(nx) sinh(nx) 
sinh(nx) cosh(nx) 


. y n l — y 

l 2 = B i AB = BA j! a,~a.A B j A c—JLS lil( 

i o< A 1 

(A" 1 HA) 2 = B 

d\i i AB = BA d— >- qLJljI O hy y-A» B j A BJ ( 
,C)i <■ O^j *yry B ' 1 j A 

A-'B-' ( ^ AB’ 1 A “' B 

. iBLi- cAi ji*** 

5 = BA ji c^lS^oU jliUS B jAo.15 b l 

ar-' = b~’a .Ui IMj 


C-j\5 liy ( 7 


a 0 O' 
A = 0 b 0 
.0 0 c 


.c ^ 0, b ^ 0, a 7^ 0 A -1 


Lh ir* ^ y£L*_« (9) AjHt-il ^s- ( 1 


'B.A^Uoi O-'Vrr* tfi A = B j AB = A OhS C 9 

. aJVjuU\ 


• a* Cj\ j ( io 


r i i 3 - 

A = 5 2 6 

L-2 -1 -3 


1 .3 OjAj ^y]\ JlP A3 j» /i. 

AB = I 2^^ oLijX^ C j B j A o_JL5 li\( 11 

j, .B = C tCA = I 

: b o\ lA 2 = I olS lit ( 12 

i|- (A-I)(I + A) = 0 

Uj\i A o_^j B J A cJ\£ \^( 13 

1 J|r . . \ 

l|i:- , o*^ 3 

|. (A + B)A~' (A - B) = (A - B)A“ l (A + B) 





1 

3 


JLr~. Jinx 

(_J1 

J-V 31 j 


oJ ''-■.< I J ii 


J*— ^ 'a* u ^ : T r - 
. L^slj^- ^ <5jfl- ^ .a.Jl 

n^^oli Jl -V-ii cr* ^ b Si - i — JI - 
S _5^ . ilJ^I o_^_^Jl J3-U* IS P 

’\< Vj , ,L**1 o ^ b i> *>? ^ 

^ | | j\ det >v^ (5^~J0 ^ ^ P'ji 

. A *i y*- J1 cJ* I A ^ 

| |:M nxn ---R(0 




1.3 


;^U iL,jU2x2 L ^ ^ <jj 

. JliJl Jcr- ^ 


A = 


a b 
c d 


, A I = ad 


_ be 


69 





^ hSjUU USjS .4 >2 ‘1 ° 


•• CJVS ty 


••■itfti* 




: oils lit 


A = 


A = 


I A|= 3(2) - (4)|= 2 

Transpose of a Matrix S&jkj , cuvil 3j 


:oU ; 


i ■• 


& ^ o^mxn^^ A oJlS \>[ 

• AT y }\ ^ y s_j a 

: oJVS ty 

f a n a i2 a in1 


x m 


*jj-A - X2 .A 0 J^>»> | V - ^ 3 I jiS *XpLwJ A3j4 ^2 .^ 1 l Oj ^>r-<J 

. I JUuu ji5l . j Sz oj 


: JJbJl ij JaJl 


A = 


71 


70 


1 



2.1.3 i- q * j*! 


^ (- l) i+j y a ij < 3 * 1 ^' 

. ay _^waJ| 

• A U a U >*Ji~ ~ 

Ajj = (- l) ,+i I M u | . 'V- 




A 32 , A 3 |, A n 


' 1 

-1 -2' 

, = 

-4 

-3 3 


2 

0 4_| 



-3 

3 

= -12 

0 

4 


-1 

-2 

_ —9 

-3 

3 

. t'-’Kff.ij '"T" *•’ . *•' 

1 

-2 

= - 1 ( — 5 ) = 5 

-4 

3 

i^aJI'SaJ^- Sfei ,/ iSs, /* JI ^ lyJI | 

: jli 

cn x 

n lt* 


l(-3) (4) + (- 1) (3U22+J^2) (4K0)^). K 
( 2) ( 3) (2) - 1 (3) (0) (—1) (—4) (4) 

= - 12 - 6 + 0 - 12 - 0 - 16 
= -46 

Cofactors Expansion Ala I ^ .JJ dill 


1.1.3 ULi^aj 

U„ v‘»J' Oii cnxn^j^ii A oJtf ISJ 

l 1 ^* JI ^ 0- (n - 1) (n - 1) ^ ^ 

| • a u (Minor) cS>*Jl ii _^JL A <i j> 


. :4 

cJtf 131 


a i2 

a i3 

a 22 

a 23 

a 32 

a 33 


-rt"rfryi.£; 




3 


A = 


10 2 0 

4 0-32 
1-232 

5 0-32 

5 0-20 



■L ^ ol . 





'-1 

2 

O' 

.A* = (-1) 4 

1 

3 

2 


. 5 

-2 

0. 


A 32 “ ( l) 5 


»A 42 = (-1) 6 


'1 2 O' 

4-3 2 
.5 -2 0. 

| A | = 0A i2 + 0A 22 + (— 2)A 32 + 0A 42 
= - 2A„ 


-1 2 0 

4-3 2 

1 3 2 


= 2 


1 2 0 

4- 3 2 

5- 2 0 


= 2 0 


5 -2 

= 2[0 + 24 + 0] 


+ 2(-l) 


1 2 
5 -2 


+ 0 


1 2 
4 -3 


. : w r 1 ^. ^ (l 

a u A u + a i 2 A 12 + ... + a ln A ln 
I A l' a ii A n + + .. + a . A 

in m 

= 

J=1 

1 flJic-l oj^ji ^ ( 2 
^ ^ a n A n + a2i A 21 + + a a 


I A I - a 1J A |J + a^A^ + 

- ±*A< 


”1 nl 


a nJ A nJ 


■ J ^ ^ IJuj 


^ n * n * y>i~. ^ .' 

^ J* 






m^,c . 


— mA\ — 4R 





• •J-***'* jl ( 2 


3.1 3 Ajjlai 



J 


• I A | — 0 «n x n^jJ^A iiyua* J ^ ty. ( 2 

lil i^-J V _P-T »_i^> ^1 <-»pUu ( 3 

^-' <^i ‘-o» £*^«j \-tiyu 0 Js>-\ oi ^ 5 j>jU B cJIS 

• l A | = | B | oi» iAo ji-aJl J> 
jli i A jJ-p ^ A O j * . /» * J 1 ^ ^jLv® lit ( 4 


. A o_^a-AJl 5iJ>w. ^Jjj> A ^jl-J i>jUl 
■ — ' '. % 




1 

2 

-3 


1 2 -3 

-4 

3 

5 

= 2 

-4 3 5 

4 

8 

2 


2 4 1 


jU 


■cT 


. I A I = 0 (jls 1 <_$ <jup ^i A n x n A3 _^-aJJ jl5 lil ( 5 
:jli in x n ^ ,y ^siyua a B, A ojtf ISJ ( 6 
I AB | = | A 1 1 B I 

: jl c5' 1 1 l5j^ n x n {j o* w- 1 ^ * 7 

m=i 

,L$L*J^U a^U A oJL5 131 ai oJ-pLiJI oi* ^ 

1 =| 1 1 = 1 AA- 1 1 = 1 a I I A- 1 | 

:‘ciU3 yj 

1 r 


oJl5 I j| A is 


oi^ ( 9 


A = 


X X 2 

y y 2 

z z 2 


3 2 1 1 

-2 1 o 

0 3 4 

0 0 — 5 J 


• ol {j* ( 10 

= (* - y)(y - z)( 2 - x) 

:*^ji( 11 


x 2 x 3 1 

x x 2 x : 


x x 2 

X 
1 


-f n x n 


",jr 

2>- 

.:- 


■ (AT)T ^ a :<W>2 

(A + B) t = a t + b t :o Wl3 
■A 2 = o , A = a t 

•A = 0 o^i 

ty o' A OjSj ^ | AA| = A » I A) j 15 


CjIjoaaH 2 . 3 


^ | A I ,; | * T I. .( '8 i:, i/* B CJIS li| ^i ;. 

ti.l . Aalxst ;»W-c^Ji3feJ»ft. I* 


JZ * J Xp j jUl ^C3 ( i 


1 S| ( 7 


'12 3 

A = 1 1 2 

0 1 2 


.| A" 1 | OUiSj | A | J^U 

: Ol» i a cJl£ j n x n ^ ii A cJlS IjJ J 8 

| aA | = a n | A | 

•2 0 0 0' 

A- 1 1 1 1 

A “ 2 0 2 0 

.1011. 

.A = A" 1 ^Jl j 2x2^i l yA JJ -^ji ( 10 

.A" 1 = A T Ji>o- jJlj 2 x 2 ^ ^ A JS J*-. jU H 

: i>* J* ^ ^ ^ 12 
| A | J\ | A 2 |, | — A |, | 2A | 

| A° | = | A |“ 

jSJj A n = 0 Of J nSs-2-H A bj ( 

.| A|= 0 

. ... * ^ 


£>» Cr* 


uT* i — aJI J_^>- £WIJ ^JJl ot — ' <W»UJI oJuk 

• J J>- Loj! £-aj jL><1 


1.2.3 4jjlaj 

■ I A | ^ 0 o^i iLtf A ii yu* lJ| ojU lij 



• A *A = I 01 vl~» A " 1 ^V&utAJ UAi A 0[ 

I AA“‘| = | 1 1 
I A || A ' 1 | = 1 

• I A 1 7 ^ 0 : o\ d>«j <±US 


^ a cJUrtpy ^ n ‘ 

r • at == - A 

I A I — fl .'ll "J* .J ‘ 





A„ 

A« 

A tJ ' 

A 2 | 

A 22 

A33 

A31 

A32 

A33J 

0 

-3 

- 3 n 

6 

1 

-4 


:adJ(A) 


0 -6 -3 

1 1 1 

1 -4 2 


-3 1 


1.3.3 


A adJ(A) = | A 1 1 ou m x n L > • ] 

. 3 x 3 ^ 1 ^ CjU -^' ^ 

>U^U oLL. n x n L y ^ 


a u »i 2 
a.. a« 


A = a„ a 22 a *> 
la,, hi a » 


A adJ (A) = a* a * 23 

„ a <*n 


a , 2 a i 2 

322 a 23 

a 32 ^3 


A n A 21 - 3 . 

A u : A i 32 

A„ ,A 23 a ” 


<L*JjaJ| & ^usaJI dJOa-aJl f luVu .it 3 . 3 

: d\ ^yc J 


^ A o ji-ua-JJ Cofactor Matrix SJLi' 

S>J A y ^ n x n ^ & i~_r* 

£ . cof(A) y *i jA^o^lt 0I4J 


cof(A) = 


-%iwaj. ^y* (adjoint of) A o y ■ * ■» U 

•)h . A A3 J « .-» - It Ua\ j^Jt Cj^aIauJI 

m 

V .adJ(A) > J(j A rtjj.a. ua » U iij\ j«Jt oja-A»jJ y*ju 

t • - ‘ T 

;| adJ(A) = [cof(A)] 


n. , 

f: / :: 

?«’, '• -V 


p -1 r 

A = I 0 1-2 

L 3 -1 2 


-' • M 
• f *. . * 

| - 



0 0 

x 0 


adJ(A) ( ^ 
A" 1 (. 


• *A>- jli j 
cof(A) ,(..f 
I A | C c ' - 


: SJUl ^ JSJ | A | juj-jI ( 2 


r i i i i _ 

113 4 
0 2 5 8 
0 0 4 5 


1 -15’ 
-2 2 

? 7 

2 7 


3 1 -1 

A = 0 6 2 

0 0 5 


5 


:oJl? 131 A -1 jls- C 3 § 


10-1 
0 2 2 
1 1-1 


- f,. 


: ui ^ j 


= x 5 + a 4 x 4 + a 3 x 3 + a 2 x z + a i x + a o 


2 1 . 0 ‘ 

0 -1 1 (, 

o 0 2 


1 2 3 

-1 0 1 
1 0 l 

1 2 3 


1 0 -1 
~2 0 2 

1 1 2 


5 0 0 

0 2 l 

0 1 I 


I A 1 = 0 ( t 

iUi ^ A OjSj viUJLj 

■I A 1= ~4 ^ 0( v 
• <Lli A 0jS5 

•l A l= 5 *£ 0( £ 
Uli Au^Sj 

■ I A I = 2( 4) + 0(0) — 2(4) — o ( 4 

> A OjZ ^} Sjj 

3 . 3 ( JJjLaj j 


1 2 - 3 

3 0 5 

2 2-2 


: cJtf lij ( ! 
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88 




A = 


1 2 3 

2 4 5 

3 5 6 


• VI JMu | AB | = | BA | jl 

^kflJl bp 


: ii jAsO-Jl jl j 


A = 


2 

5 

4 

5 




4l 

5 

2 

5J 


. SJL-U> 


f3\n\ ( 4’ 

'MsXsM"* 



. iluL^u *&y ^A* 

Orthogonal Matrix UuUcJl ii y^J\ _ 2 
2 . 4 . 3 tJb jH 

. A~ 1 = A T OlS lil is yua* i A is y-a . Jl 

- ■ V ' ) 

: U 


£r°j* ‘Q x n tj! {y obi^i-^* B, A OJ15 \->[ ( 5 
• AB ^ BA jl ^ j* 

6 A cJl* lil ( 6 

• I A | — (j— 

*1 Jli* jjapl ( 7 

I A + B It^I A| + | B I 
■I A l-I B | jl y^jj t B = M -l AM oJ \S bj ( 8 
I J K J jl o\r» iL\i a yuaA A OJ \S bl ( 9 

t AB = 0 ol5j Ob,^ ^ Bj A oJb> ( 10 

■ I B | ” 0 j | A | = 0 

f W ISb bl ^ 11 

• tSj*~0 J^s- l _ r ~J J\ Jaib\ iSjr^i y 

'f 

|. 

I 


LUila^a.^A 1 1 <u-oLi» CjVL^. 4 . 3 
Symmetric Matrices *UL%i*Jl ob _ 1 


*; 

S' 

jr 

fc 


I 


1.4.3 

1 o_^j| ;i m .-. H oji^J 1 

A — A olS lil ^ A n x n ii <L^ 
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nii-e>MRMKItR!fi< 


Kj illUi- iijAuv Sj Bj i*j ja ii jJua* A nxn mJtf £j . 

.oi» chop a olSj JJUJI yj 

a S ( 1 

. JJLdl iiJUi, aj a K ( 2 ,: "’ • 
•SS T = STS (3 
•KK t = K t K (4 
• n '-r s ry > csV iL l Uu *i yuaA S" ( 5 

. iULi. *3y^ BB T ( 6 

. illLi* 4j yuaj> A + A t (7 

■ • ■! i 

. JJUJI ’*3 y^AA .A - A T (8 

bJp n dlls' bl i Il*l ,*« Jj jj.si a ( 9 

, , , } : r • T 

L^-jj b>v>w 5 - 

K" = 

b-ip n Ob’ b| L JJUJl 43jLa*. 

ii aL‘Ux, ij jk.xi* A ^ ^ ^ 


A-‘ = 


= 5 

4 


• iX,U =* A oil 

Skew-Symmetric Matrix JiUJI UUiu ^ 


3 . 4.3 l-Lij.* j 


Skew-Symmetric Matrix 




^ ty JjUdl AiJU^. 43 A A U- „ 

| A ^JL- ^ ^ ^ 

& -A = -A T 




tic u-mm 


ifiiTiliBritti' iin ; 1 ?rriMiiBli~l 


.JUJI Jcr- >° 


, Lbl li* *i5j=^' 


2 

l 

0 

o' 

1 

-1 

0 

0 

0 

0 

0 

1 

0 

0 

2 

0 


0 

0 

1 

0 

0 

0 

0 

1 

0 

2 

0 

0 

-2 

0 

0 

0 


2 

1 

0 

O 1 


0 

o' 

0 

2' 


2 

11 

[! 0 

+ 

1 

rl 

0 

0 

+ 

0 

0. 

-2 

0 


1 

-1 

[0 1 


o 

O' 

0 

0 


0 

r 

0 

2 1 


0 

0 

1 0 

+ 

0 

0 

0 

0 

+ 

2 

0 

-2 

0. 


0 

0 

0 1 



0 

0 

2 


r 









0 

0 

l 

- 

-i 


= AB 





- 

-2 

0 

0 


0 









0 

4 

0 


0. 








o o 
0 0 
0 [ 
2 0 


0 0] 
0 0J 
0 ol 


., iJ>r J 


• Ay i=3>=r 


Partitioned Matrices i5»Jl oli^oJi _ 4 

jji ol i yu AA oUja- aJ I y* J J l y OL^-Vl yuu y 

^Jl 5 Jlp-I_jJI O j 4./3 -* . ]| _^oLp olij 4 ., <a ♦ ll oJLa j-SjC j 

• ^ l^-lp jlU: 

•|^Ukio -kjJa^-S - <J| jULj ii j 4->< a -«Jl +i£ y*j aj ^jJl ^ _^J — -Vl 

; JliJl J-- 


-1 


1 

-2 

3 

4 

8 

-5 

1 

-1 

0 

2 

-1 

3 

6 

-7 

2 

1 


[A B 
[c D. 


olj jjWj^JI ^jJ} is oJLa CJj?- 


' 

ws 

Jp= 

I 


'.-1 3' 


ro 2 i 


f 3 4' 

r i - 2 ' 

2 1. 

i c — 

!« -A 

. B = 

ll -1_ 

’ "Is -5. 


■ .. . A •/ 

^a^BOljmxn^y ^ • Qxpt> 


^ i^>J| oLUJL ^UJl ^ — j 11* 

| 0>J| oliji^xJl Js. oLUJL r UJl ^ aUJSj jS £y y 

■ JT$ ^ ^oLp jZm 

l^ 1 cr- 0^- £**■ £• £jdl o ^ Uj^ 

. a^tLuJl oli_yA^*Jl £_*j>o «il)i j i5j>wkJl 


i r A, 

J iC . D.J 


+ 

A 2 b 2 - 

- 


|c 2 d 2 _ 



A 1 + \ B, + B, 


ft:. 

I 
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94 


1 


A-' i! iLlij JiUJl iiJUi- A oJlS ( 2 

. L_oj 1 Sj»JUw* o_^Sj 

. | A | = ±1 il)f ,y* jr» 4 o-L»Lo* *jyua* A cJl£ ISl ( 3 
B ” 1 = B T ji>J jA I j 2 x 2 ^ j> B ojli^aJl J£ o^-jJ ( 4 

<5 

.8 ( 6 
.10 ilbOUl^ (7 
: A 2 aUo^il .1 ( 8 


n 

0 

0 

0 

0 

1: 

0 

1 

0 

0 

0 

1 

0 

0 

1 

0 

0 

1 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

.1 

1 

1 

0 

0 

1 



(9 


1 

■«.. 

a i2 • 

•• a in 


‘A., 

A 12 

A22 

.-• A 

I 

a 2l 

a 22 

•• a 2n 

= 

A„ 

- < 

I 

a ». 

a m2 •• 

’ a mn. 


A hl 

A u 

- A. 


• B iJ ^j\iyua^ Jj B 


i \ K b - 

I bzi 1)22 


- b nl K 


M 

| 

f; ^ A <3 -^ A ^ U *c5>sJl of jUaYI ii-Vl c* 

8,1 oU -> i — "j ^ Oj&c-Ba yi-Ji 

f**" ^ •>**=* 6! ^ ■■> = 1,2 tj v ^iJ| *ju* J~i 

• iSj ^~ I B A 

$ 4 - 3 cHj ^ I 

jfe aT ~— ^ 

‘U-ISUJ 2 AJ iLtf, SL-Uai A oJlS* *1 ( 1 

. Uu ! < Ij L ' T « ij 



ol ^ C,B, A cJlS IjJ ( 12 


A 

0 

B 

C 


= I A | | C | 


il)l X A -1 cJlS 13 


A" 1 

X 


0 

A’ 1 




A 

0 

B 

A 


< Li l r-i\l l Ci^jbuJf <ulajl Ja. Cili ^L usaJI ^I aW.i. 1 5 , 3 


:ul5 


a u x . 

+ 

a i2 X 2 

+ 

+ 

a m X n 

= b, 

a 2 ,x, 

+ 

a 22 X 2 

+ 

4- 

Vn 

= b 2 

a m x , 

+ 

a n2 X 2 

+ 

+ 

a nn X n 

= b n 
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' A 7. 

A I2 

■• a ;„- 

A T = 

K 

' A 22 

•■ A L 


■K 

A L 

•■ a l,. 

tyj 

o~* u* oli yL^j. B ( 

. 0 ... 

0 


‘A, 0 

b 2 ... 

0 

j A = 

o a 2 

o ... 



. o o 


ol 


M( io 


•ABj a + B 

•'^■jU ii 


a 

b 

0 

0 

c 

d 

0 

0 

0 

0 

e 

f 

0 

0 

g 

h 


oJjj, juj 




98 



£0 T 
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100 



: <» y.-J l y X, 


A, = 


[b, 

a i2 

*13 ” 

b 2 

hi 

a 23 

U, 

*32 

a 33 


: dJi j 


x, = 


1M 

I A | 


’. AS y*A*Ji oiAa^* j* Xj Jl&J 


a U b l a i3* 

A 2 — **21 b 2 hi 

-^1 b 3 ^3- 


‘ . \ 


: Oli jilijj 


x, = 


1A1 

I A | 


*i = 


IA1 

|aT 


*- 31 


» 3 j J 



JjJi-ij aJuU o A oV* 1 A | 7 ^ 0 ol 

.x = A _l b y» ^Uidl \ Jl$J Ji_p-^SI 


A " 1 = 


I A | 


adJ (A) 


:oS\ 


x, = 


1 adJ (A)b = 1 


I A | 


I A 1 


[A,, 

A 2 1 

A,,! 

a 12 

A 22 

a, 2 

La 13 

A a 

A„J 



1 

|A| 


b . A » + b 2 A 2 , + b 3 A 3l 1 
b,A 12 + b 2 A 22 + b 3 A 32 
Lb 3 A 13 + b 2 A B + b 3 A 33 J 


oiX*v* Xj 

L— » t)l» dlL-K 

*3- 
S fej 

? o 




: 

i*:" . ‘ . T ■ 

T /!• 


1 

' a ll 

a i 2 

b,l 

- 


:V>V,‘ - 
' I 

II 

C * 1 
< 


hi 

b 2 1 



iWf 


-*31 

hi 

b,. 



3*5 


x _ b ' A n + b 2 A 2| + b 3 A 3 | 

j"^"j '■ 'JjS' i J 

Xj = M-n + b 2 A„ + b,A„ 

I A | 

X 3 = MiUlLV^.+ b,A„ 

I A | 
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Ill 


i j>-j J _j>- LJ ^ *-jW^ iiiUl 

. Ax = b ^UaJJ jJ>Jl 

Lj — ii ill — *iJ J£-wj ixisJ~u* 1 j3 ^ J^ xal l 1A> ^ cJJxi 

. ^ UaJl Jy>- 

Ax = b 

i 1 l-i- ll oli _^a-N*a_«Jl JJL>- jji-* oNjl— ill t _ r A« - ; Ll^-V ^ 

.iJUl ,jj» JL. J J>^ 'WJ 

JLaLjJMI oULfljJl i— <lji ^1 JjL~Jl oJ-f5 ^ 

: Si J W s /^' 1 ^ r^ J . - 


Vector s pace 

JU-JI ^ Mi, *J& Jl ^ -L, 


.113 


JU-w* (.) xl *-r ‘j^J (+) 

• r2 j-A dyj .jjJij 

(^UjVI pLi^ill) 2:1.4 u 

jj- Ja O j&J kSjtT J* F *UaiJl 

.,+,©,© oUU-c- £i j\j F JW«^j V 

:gui 

.x©y G V j^i ix,y G VoU lil ( l 
.x,y G V J£J x©y = y©x (2 
•x, y, z € V J£J (x © y) © z = x © (y © z) (.3 
. x 6 V . JSJ x © 0 = x vi-P- V ^ 0 *?cJI -t=r jj ( 4 
■ x © (— x) = 0 '•i—’- V ^ (-x) x ( 5 

.a G FjX G V C-~- a 0 x € V (6 
.a,b G Fjx G V C~p- (a © b) © x = a O (b 0 x) ( 7 
. a 6 Fj x, y e V J£J a © (x © y) = a © x © a 0 y ,( 8 

.a, b G F jxgV JS3 (a + b) © x.=, a © x.+ b Ox ;( 9 

.xG VJ^l©x = xvi->leF s*yS 10 

lij .x a^uJI uJLj -x <>^uJl ij 0 

Uli F = C b\S ISIj ^UJl *Ui VotJ^^F- R & 

. F = R : jt F JW-J' r 3 b '- 


* jb~U^ LfrJ-c- <JU- ^ p | 

• V^J'j + 

• u^i v3^>Cj i 4 . ^ 

a + b € F ia,b € F ol5 IjJ ( i ' 
a,bG F jUUiSa + b = b + a (2 
a,b,c 6 F (a + b) + c = a + (b ■+- c) (3 
aGFJ5Ja + 0 = a^OGF^ (4 
a + (- a) =0 ^ -aeF^aGFjS] (5 
a, b € F b\S UiS a.b € F (6 
a, b € F J£J a.b = b.a ( 7 
a, b, c € F (a.b).c = a.(b.c) ( 8 
a.l = a 1 © F ( 9 

a.a-‘ = l^>a-' e F ^ F j a # 0 J£J ( 10 




4 ' . aUpSII ju^ o 


■r Jo. - \ ^ 

^ c = {x + iy : x,y e R} i^a\ ^ 




. *Ui R°°, 

• s jVaa 


^JUIj ^ j> 3 x 3 fcr «>* ^ 

i j-Lp <— ’j-^j c^li j-a-ua^Jl £-«^r ^3x3 Jtjr**'— 

. LaIsmuI »Loi Oj & j ii ji_a* 


** 






[a, b] oyj ^^Jlp iJLi»JI JljjJl ►Lai 

. <Jb ^ JJlP Jl jjJl; 

. C[a, b] y jJIj d y> j~* LaU^I »Uai j t.LaiJl ljj> 

UJ ijlj d-ljJ Iy3j a-aL»«JNI oULaiJl ,jA * j ( _ j 1 p- LfcLji , _^j~- 

. oL^LjJJ i-Li: — Jl i->l j Jl ,j» * 7 *-*! y oULaiJl sJJ 


1 . 4 (jJjUj 



_ __. J 

. ^Uol »-Lai yA R°° (-LaJl jl . ^ I 



y* R n iUV' ci-OiNl *u Liil 
^1 o4^ji ^ >Uu ^ 

^ V = < v >’ v 2- v n ) JSLM, ^ 

• V ***^ <y~; Jl^l v _ 

j V = (Xp X 2J ...., x n )ol — S’ li| 

:oli cR'yiU = (ypy 2 , y j 

. v + u = (Xj + y lf x 2 + y 2 ", x n + y n ) ( i 

• » x ( = Yi otf lib IM U = V (2 

. a e R ^ aV = (ax n ax 2 , ..., axj ( 3 

■ 0 = (0, 0,..., 0) y* V ^ ^yLoJl <^zJl ( 4 

:3 ^ 


to. • 

5§i?| iL*U«Jl ►Uaj R° fUiiJl OySJ n jj, ^>w» iJ_p J5J 

-R JUmJI a-aUjI oUUii ..., R 3 , R 2 , R 


i 

•■. a 

m .. 


► Li 3 yA (n X n £yJ ,y Ouj-Jl oliyji jl ►ti») M n xn ^C J ’ J ^ 2 

V_JL- ^yLp — X yi-uaJl <>wjl ^ J-Ad 0 J ^ ^ 3 

0 i ^ ex ^Jl . 

Ox = 0 ( ’ 

(_l)X:=>x(V 

> -, . .. aO == 0 { % 




0* : ’°^ ^ C^nJl <^JI JbJiA«- Cy L^ Ul^Jj 

■ *^uJI j ySJ ^1 oL^^JI 

Cj *~ i ^ ^ ^ O^rL^ jl 

^ (^1 

■ 

UJolf ^ ^ o ^- r °° ^1 ,u 

fe *, - . ^ ^ V ^ Jlj £• (a, b, c, d, ...) LS^ 

.R n 
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j_lp y> R 4 ^ s r U ' , - J1 ^ ^ 

• R< J W>^ 

(^j-L^IjJI cjjjAJI tjol^a*) 1.2.4 ijjlaj 


a G R j u, v, w € R n 


:cJtf ISI 

. <i j -- - 


W = (Wj, W 2 , ..., 


u.u > 0 ( i 

.u = 0 iwi IS ) J IS) 4=>u.u - 0 (.L# 

u.O =0.(-^ 
u.v = V.U ( i 
u.(v + w) = U.v+-U.w ( > 
(u 4- v).w = u.w + v.w ( j 
(au).v = a(u.v) ( j 
u.(av) = a(u.v) ( f 


IS} 

w„), v = (V„ V 2 , V„), U = U >' 

:Oji oop a j^t R “ J 

U.u = U? + u| + + u " " 0 ( ' 

2 . + u 2 = 0 0* 

j—* v ^ oii tuu = Ui + .o ^ ^ 

1 1 < i < n J- 5 ^ ‘ • 


(0 ’ 11 iJ -^ JI J, * U| C[0, 1] ^ ,. ( 

Vh ^ *iXX* <~*S JljoJI ^ c ^ 0 ^ 4 

j • ’ »L»«i 

y-;S IS} ii*J f JljaJI ip ^ v m ( 5 

. jJ-^p L-aIp^jI ►La* V jl jj c (f( — x) = — f(x) 

• «Jb J JijoJi ^ 

■ 

iLaLfc <LlaL^j| o Ip Lai 2 . 4 

■<jv R" ^UuVl »Lai3l (1) 

’ 

■ jl «_JUJl ,j1p) *Li» _^a R" *LaaJI jl Lj U jSi 
Lf j*--J OjLLjJI ,yaj«-i ,-ip I>j _oI t(JJUS 

f ur 

T- -- R n ^UjV! 


r £ : Rn Cf* (I nner product) ±Jj*a Jl 

’V' ' ** <h 

4/ • V = (y,, y 2> .... y n )j u = (x,, x* ..., xj 

-J» j ' WT 

-i-.'A ^ '-Syi Vj u ^jii-ljJl K-ijJi}\ jli I R“ 

; . u - v = x,y, + X 2 y 2 + + x n y n 

U'Vtr.^ 

-- — : -.1 ^ 

7 4 .... V • M 

i. R ^ v = (2 r t> 1, 3, 2 )j u = (1, -2,4,6) jlS IS) u.v J^-jl 

• - 

I » \ ; • ^ 4 ^ 4 -a 

^ c • \0 1 p 

u v = 0) (2) + (- 2) (- 1) + (4) (3) + 6(2) = 28 


Kir, t / 2 ') 
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: U5 (norm of) u ouJl J^i> iR“ ^ 

II u || = v^nr = yj\\ + + .... + x* y • ; 

: ^ v J u 0=*^' 0=i (distance) ^UJ|_, . . 

d(u, V) =11 u - V ||= V(x, - y,) 1 + (x 2 - yj 2 + Z+^T^I 
~ 1 u oyi I II u || = 1 OLS- 1- 1. 

^ ^ s^i ^ . ju if^a, 

.v *i*ji ^ ^ ^ <£4 



• 8 


:jl5 lil 


V = (1, -2, 4, 7, 5) j u = (2, 3, = 3, 1,4) 


d(u, v) ( v 


Jl>- jU 

jvD ' 


. V • Jj>- jJl <>0* ( £ 




= \j l 2 + ( _ 2) 2 + (4) 2 + (7.) 2 .H- (5 2 ) 
= \/l + 4+ 16 + 49 + 25 
= V95 


| ‘ * (0, 0 o) 

W ; u^l 

f • 8< * “ - (0.0, 0).^ 

f U.u = 0 2 + 0 2 + ... + o 2 = 0 

|ii.O = u,0 + u 2 0 + ... + u D 0 = 0 + 0 + ... + o = o ( 

I "•V-V. + V. + .-+V, ( , 

= V >“| + V 2 U 2 + ... + V.U, = V.U 

M v + W = (v, + w, , v 2 + Wj, ...,v„ + wj ' (j> 

= U l (Vj + W,) + 4 ,(v 2 + w 2 ) + ... + ujv, + W J 
= u, V, + Uj Wj + UjVj + U 2 w 2 + ... + U n v n + u n w n 

= U| V, + + ... + u n v n + Uj W, + UjW, + .. + u w 

= u.v n “ 

■ 00 ^ Ul S > J| ijiiH .-U uU* ( 

au = ( au i i au 2 , . . . , au n ) ( j 

(au).v = (au, ) Vj + (aujy, + ... + (auJ °£ ‘ JU<J 
= a( U jV, +u 2 v 2 + ...4. UnV j 

= a(u.v) 

■0) <iUl s>Jl uU* «_•* i>iJ| .i* ( f 

R ° JjUlj iil — J| 

: d\S lil 

v = (y ‘ ,y2 • y.) j » = (x„ x, * d) 


& •• 

I?. 

Vi':: , . 

-¥* -». 

I ’ 

•ft.- 

. 

ii- 

vr-:" 

i'v'f'. 

fsi-'- 

'fe: 






• •-! t 
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(Polynomials) • jiS <J|j.d| 

^ja a>- 1 j jJca ,j» ajJjJl ; yij 


V\ +25 + 49 + 36+ I 
Vm 


<s** S-UJI 


0 Jlj iR" »LaaJI 1^5 


q, P o^i tJljJJl ^ JL*JI jjt : 

. jUaJl x p(x) = q(x) j LjL-i« jlS - lil 


c;L 1 *a 



: US P n o 

: cJlS lij 

p(x) = a o + a i x + - + a n x ” 

q(x) = b 0 + b 1 x + ... + b n x“ 

: «_> j^oJl 

p(x).q(x) = a 0 b 0 + + ... + a n b n 

^IjJJ ^Jl>-IjJI iWaJJ < p(x),q(x) > yj\ '^c^i 

• pW-q(x) o-VJb q(x) j p(x) 


•p(x) = a 0 + a,x + ... 4. a nX o 
q( x ) = b 0 4-b 1 x + ...4-b n x n J 

I' „ . 

ft P W + lW = ^ + b ») + (a I +b 1 )x + ... + ( a n + b ;^ 

KP(x) = Ka 0 + KajX + + Ka x n 1 

'#• “ (2 

J* * J^Ks-i 


trs 


•1 


r 


p ( x ) — a 0 - a,x - - a n x n 


< POO, q(x) > = a„b 0 + a,b t + ... + a n b n 


I4..IP pJj R D (j* 

■ Pn 


4.2. 


tr? ft" - 


s ^ JljJJU JU-IjJi 

f .— ■ ■•*;.•. . '. 1 . • 

ikeR jl p(x), q(x), r(x) € p n W 
■ ' : ' '.;&»■ / 

j < p(x), p(x) > 0 ou t p(x) £’0 i- 

• p( x ) = 0 Jui SAJIS’ % <;p( x ).p( x )‘ >=d :^ 

< p(x), q(x) >==.< 

< p(x) + q(x),r(x) >=< p(x),r( x ) > + < qW>^ J. ^ 

, , rr . a/v^ -dfxV> •■' 4 

<Kp(x),q(x) >=< P(x),kqW >= K< 


m 


( p n LK>^ ) 3.2.4 

P( x )>q(x),r(x) € P n 

oli iKpKj e R oiSj 

p ( x ) + q(x)eP n (1 
p (x),q(x) 6 P„ JSJ P(x) + q(x) = q( x ) +p( x ) (2 

f‘: [P(x) + q(x) J + r W = PW + [q(x) + r(x)j ( 3 

+ 0(x) = P(x) ^ p « ^ m -o^- ( 4 

P(x) 6 P n 

p ( x ) + [ — P(x)] = 0(x) (5 

K i p W 6 P„ ( 6 
K i [ p W + q(x)] = K,P(x) + K,q(x) ( 7 

(K l + K 2 )P(x) = K,P(x) + K 2 P(x) (8 

(K,K 2 )P( X ) = K,(K 2 P(x)) 

lp W=P(x) (9 


I . 

¥ 
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m 


A = 


a n a i2 

a 2 , a u 


a rol a m2 


“In 

a*. 



. jljLpVl Ejj ( Ji-l -L«j m X n <i 



f 

’ a .l 

a i2 -• 

.... a ln ' 

| 

M mX n = ' 



a 22 

a 2n 

: a u e R i 



.ami 

a m2 -• 

•— a mn . 

1 


• Jls 

r(x) = 7 + * 2 j g(x) = 2 + 4* j p( x ) = _ 3 , + x , 

<PM + q(x),r(x) > (2 < p(x), q(x) > ( , 

<PW.PW> (4 <3p(x), q (x)> (3 


m ■■ 


dj& <iyL^ i±s- oli ^ 

^ *UiJl ^ UUdl *Ui 

;M raxn 

JljjJl tUiu (4) 
. 4JI.) f : R — > R ji 

■*"*-*■ t ^ 3 ^ '-r 1 j-^ 3 J JljJJl £-■• F = {f} 

. JljwUJ ^LjjVl »LoiJl t _y> — j L»Ujl fr.Ua* <j lS^~ 

(f+g)x = f(x)+g(x) 

J 

(Kf}x = Kf(x) 

Vli* jVl ^^kwj . oULdi ^ 

. Uuj «ui (j j*.* ^ c 


1 ^ 

b } “ ? + °* + *’ 4X 3 p(x) = 9 - 3x + X 2 

|, . < PW, q(x) >=0(2) + (— 3)(4) + (1 )( 0) = _ I2 

fc/ PW+q(xj = 2+ x + x 2 

| - < q(x), r(x) >= 2(-7) + (0(0) + (0(0 = —13 

3p(x) = 0 — 9x -f 3x 2 

te,.,<3P(x), q (x)> =0 ( 2) + _ 9)(4) + 3(0) = _ 36 

|;r >= (o)(o) + ( ' 3)( - 3 ) + (do) = 9 + , = 10 ( 

M : ( r -C " ^ P " o_^j n ^ 

$£: ; ' ^ ol^ 

P'-;;':' -UU 

.us (3 


( 1 
( 2 

(3 
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.«V W-u = (u„u 1 ,u 1 ,u < )OWIil (5 

: J* ** 

u,e, + u 2 e 2 + u 3 e 3 +u 4 e 4 

. q (x) = x 2 + 2x + 2 j p(x) = x 2 — 3x + 3 (6 

: JbrjU 

,2p(x) ( \ 

.p(x) - q(x) ( V 
.< pW,q(x) > < £. 

.2.2.4 *jJ^\ Cj*j{ C 7 
.3.2.4 ^ 8 

/ a b : a,b € r| ol (9 

AS b\ J ^ 0 

(a 0 + a,x 2 : a 0 ,a, £ R} . ll .,.' 

. UbUJl «-La» Oj>j !! 

. L*UJl ULai bj& oLJtiJI ^ cH* J ^ 

. 4.2.4 Ajjad\ 12 




Subspaces <Lu 3 . 4 


1.3.4 

• ' •• ip_^. yb V W 

1 Xc~* ^ -• <*- k"T> 

.V J* 0r i -^ J ' J 5 - ^ 1 


V = {(x„x 2 ) : XpX 2 6 R, x 2 > 0} 

*' s *'* s * »Loi o 


l Ji ^ “2(1,2) = (-2,-4) ^ (1,2) 6 V d 

• V 

(; H Voil .K(x l ,x a )*V^R l JK--2iK^ddUi 
| • l^l»*jlUUoi 

2 . 4 (yJjUj 1 

■) 

I ; 0>-j\ ( l 

n . v = (0,-l,0,l),u=(l,0,-l,0) ( 1 

It v = (2, 1,2, -1, 1 I 0,3),U = (1, -1,3, 5,2,1) ( v 

j v= (°)°»°! l,-l),u = (1,-1, 0,0,0) ( £ 

j - u = (5,2, -1,1) *^wJl # U:i ^ ( 2 

• J 5 J OLU^' Vj jJ\ ( 3 

v = ( 1 ’ 2, 5,0), u = (5, 1,2, 3) ( 1 

I v = ( 2 > ~ 8 >°. 1, -l,-2),u = (1,0, 2, -1,0, 1) ( ^ 

4 ' 

u.v = 0 J*>j j]\ x <*J ^j\ (4 

v = (-l,2,0,4),u = (l,2,2,x) 





lj> d Jaub ►LfliJI ( 1 

. ^ J-gJl •JJ.r-^ 

W = {0} 

j^WUAJl (2 
W = V "*7 


:o^i 4 V J W* v & *M 

W = {x : x = Kv, k G R} 

.V ^Uj^M ►LaiJi yjs? *bai 
x 2 = kv 2 , x, = kY, :0l» iXp^eW :Ol£bl 

: jli «^JL3Jb_j 

x, + x 2 = kv, + kv 2 = k(v, + v 2 ) 

. v, + v 2 G v : b\ £~>~ J 
.W J K(v,+v 2 ) :oU 
. a g R jt 

ax, = a(kv,) = (ak)v, 

. (ak)v, € W Oj£i ^.J aKeRoli .a.keRo'^ 

.v j*UJ^I *UiM o* Jsr^W oi i 

; 13 


W= j * J : a, b G R 


W = {x„x 2> 0):x ll x 2 €R} :Jjk 

& ?R 3 f-Vjii 

: | ^J\ 

H W jt -bj«J ^»L>«jVI *LaaJI JS - ^jA Jl -LLP 

i ,? 1 R 3 «_*Lp V. -r^'j ,yJLj- 0^>»; 

■ R3 *UaiU Lj»- *L ai W «2lJJL_, *jO*jVl ►UOJl 

ur*L>^Vl ►LaiJl ^ iJli- ^ a*j+s*a w cJtS lil 
s)K. G R J£J Kx, G W dJi 5 j x, + Xj 6 W ^ ^ x„Xj 6 W JXJ 
j rj.ip^UJ ^UoVl ►LiiJl ^l>- Jl . V j W jli 

. V *UOJ! j I^jV W 

V^ 1 .L-iU ia^ j| ^ tjSs oJuk 

2.3.4 ‘—^-'j * ~i 

■ ’:• S'*- J> V ^U-'VI .Liill W .UOJI 

i , 

• '■*“* o^ j~* V ^jA iJU- 

( y^r *•*“ 

• X, +x 2 6 W j^9 4X |,x 2 6 W Oli - lil (l 

j -;L. mKx e w iK e R J X G W jl£ li| (2 

j ■ WUJl °* ^ ^ y> *UUJi >T . , . 

■ VA* J v^Jl SJ^pj o^J ^UJVI 

: ^ jULai V Jbl^-I ..Liu 
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1-La j^£jj hJij Ju>-I 


J t^iJl *LojJI ( 1: 

. (_$ yuA Jl <>mJ1 s jj j-siJL 
W = { 0 } ::;• 

h . 

: 4_aj 1 _ J i^»S/l u5 *l»*j'VI »L<aiJ| ( 2. 

w = v --H& 

_U jvio . 


- jli i V u ysL>»j'yi a i l Ljj>vZa v jlS li} 

W = {x:x = Kv,k6R} 

• V t- l-^fll l ^jA yj'jr eLai 

x 2 = kv 2 ,x, =kv, : jli 4X,,x 2 e W :jl5lil 

: jli jJLJiij 

X, + X 2 = kv t + kv 2 = k(v, + v 2 ) 

• V, +V 2 6V : ji 

• W ^ K(v, + v 2 ) : olT 

. a € R ji 

ax 1 =a(kv 1 ) = (ak)v 1 

. (ak)v, e W OjSj aK 6 R olj »a, k e R ji ^ * 

• V ^^aIaJVI e-Ljujl £yt ^ y>- »Loi W jit. 
• " - ■ ] y& '$$; T-- 


I, 

PAr- lP -- 

R 3 

ill 

. j 8 j**J 1 v 

||KeR^ 

IK 

. „ 

‘L. 

jl 

apt 


\ li# V>»- j 




W = 


a 0 

■a b 


: 2, b 6 R 







' , : . • •i'fi'TC.'- 
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* • -- -r-ywyr^P^ : .'i7i? 


< 33 i 

iii 


1.3.4 Zi jl<£ | 

jU .V •uan ^ o^ W f W * 015 ,il 

.v ^uj^i • i - aiiJ w »n w 2 


ijUb^i\ 

x,yew,nw 2 : 0 \ v»! 

:o\ dUa 

x,yeW 2 jx.yeWj 

:j\ J«r*j <iUi (>*j 
x + yew 2 jx + yeW, 

: o\ ^Ja*j 1.1* j 

x + yeW, n W 2 

xew,nw 2 ‘-Ol ^*>1 

.xgW 2 vUJi^jxGW, ot*iAli,>~ 

K a.1* qjSl Kx € W, oli w i ^ ^ 

. jy» »U W 2 oN Kx,Wj 

.KxeW,n w z^! 


V jkUo'Nl *UiJJ *Ui Wifl^z ^ Gr- 1 ^ 'S 


\ \s ^ 


^ ^2x2 ^aUoN/I . 

c/>r ^ 

vJ-^W 


a 0 

0 b 


c 0 

0 d 


:o\ 




e w 


a 0 

0 b 


+ 


c 0 
0 d 


a-f c o 

0 b + d 


• w ufl **iUl *i _^J| j 
KeR ol^/J 


K 


ra 0- 


Ka 

0 

Lo dj 


. 0 

kd. 


• ^ 1-AJ <j 

• M 2 x 2 ‘UiJl ^ .Ui w oil 

: 14 JVla 


W = {(x,y):x>0,y>0} 


: > 

^ (j* <Jj>r A~a* 




.Lii y. W, olj .nxnyo- .Lii y. V J y>>| j M - 2(1,2) = (-2, -4) ^ W j (1,2) S W ol 

. ii-.ll -lliJl oli/uw *Uai W 2 j t5^*l' v_JuJl ^ ! . j»2 . r . ... 

1 K «y V>r *Ui 


w 
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u,v 6 W,+Wj : d\ 


% 


j & ^ ^ ^ *Uoi JU, II* j*, w, ri v / 2 ^ 


^nxn^ 


v = Xj + y 2 j u = Xj + y, 


yi,y 2 e w 2 j x,,x 2 e w, 


Yi + y 2 e w 2 j x, + x 2 e w, 


x, +x 2 + y,+y 2 € W!+W 2 


:dUi ^ 


: x i + x 2 + yi + y 2 • C s 3 r " '~ 1 

u + V = X, 4 - y, + Xj + y 2 


I i)j| .V I »' — i-LI OL-Jj_»- OU L^ a. i W 2 J w, ot 

• ^ ijlaJl v_ >- V ^L^jVI pLaaII ^ *Uai w, P) W. 

. i> 5 Jl oli y LaJI ,u ^ w, n w 2 *LoiJl 


| WO 4 ®* &j*i V ^ *LaiJ ^Lii *UJl 

• L« dUi JIl»J|j *-LoaJI 

W 2 = {(o,y):yeR},w, = {( x ,o):xeR} 
p'-tor^. (0, 1) j (1 , 0) ill . R 2 ^ OLJj^ OUUu W 2 , W, 

If ( 0 , 1 ) + ( 1 , 0 ) = ( 1 ,l) o SJ JJ U;Vl 1 > 


u + veW,+ W 2 

uG W,+W 2 :ol 

.yeWjjxeW, u = x + y :jO dUij 

: — 'j 

*. _ ., 

KyeW 2 jKxgW, ; 

: 6 M 

Kx + Ky = K(x + y) = Ku 


2 . 3.4 4 _i jJa!» 

^ ‘ V ST * 1 ^ 1 c^>*r or^Uii w 2 J W, 015 lil 

•i • V f-LaiU ^Jy>- »Lo 3 W, -f w 2 




137 


136 







• V ►Lai ^ {jA 

J-* ip (span of)S ^ JjlJ jJL*Jl ip 

• S ip ^ o>l+»*i*J i.l ai- i—S - ^S - L^lp _ rrr >cJl 

j! ispan(S) ip _>***JI oi^J j* ^ 

span(S) = {w : w= K,v, + K 2 v 2 + + K n vJ 

: n JUa 

Span { 1 , i} = {z : z = x + iy, x, y € R} = R 2 = C . 

: 18 Jtta 

: ip of j . 

s = {(1,0,0), (0,1,0), (0,0,1)} 

R 3 Jd y .,• 

u = (x, y, z) of 

u = x (1 , 0, 0), +y (0, 1, 0) + z (0, 0, 1) 

. R 3 aJj; S jij 



, ^'^<6 
i ( x , y, z) : x + y + z = 0} 

• R3 a- •=*.*- ►Lii o 

I ^ ‘ ( ° ; 11 ,>JI ^ iU;JI Jlj - Jl “>**" « cm, ij tut; ij, k 7 

■ 10, lj .jUl I J* Jij jX) ^.UjVI .UiJI ^ L-J» »Lii C[0, IJ ol 

•' cjt £~iji ■* J 8 j, JI*UI ^*UjVI (8 

■ F <y^‘L*j J Z{feF:r ( - x) = f(x)}Uj ^ Jl( , 

1 F ^^ ,U ^-{feF: f(-x) = -f(x)} ( v 

! °[ ^ ,‘ n X n ^ ->• *='“>-»» JS3 ^UJVI .LiiJI > .v < Jtru J C9 

v 0- IJ*- W-U OjS; n x n & cr ilJU-JI ’ 

' M nxn i*>LA. B jf ( JO 
? j* **■*■ >UiJ f A e M „„, ' AB = BA} i^_J, oI 


$ 

-f- • 


.. ; tr^Uw-Vl ►L- v a_iJ| 


cflaaJf <L0 a^Jl CjLuS^Uf 4 . 4 

(Linear combination) iiaijf ZSyJl _ j 

v i. v 2 » v o COILS’ ji| 

•K.v, + K^v, + ... + Ofi olapj K, j K 2 ,... > K ii j 

V !> V 2> ••• , V n iJaj- i^ - - 

v ur*—*' 

0l ^l ^ *>-!- JbJjI bJUl ip^J, _ 2 

•' of 

S ~ f V «. V 2 Vj 
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K,v, + K 2 v 2 + .... + K n v n = 0 

■o\ J\ 

K, = K 2 = .... = K„ = 0 
• iM- <1*— Oj& V„ v 2 , ..... v n ol«*uJl oi i 
• ^ v„ v 2 , ..... V/1 o J& oUUi lop :,v.. 

LLi- <«S>- .Ju ^ Otf li] >T 

• y*>- <P 0>J ol^PvUJl aJjk o]» . 

• v *La* > ^ i^au <p S ol 

iJUJI .a* > <JV t U> iUj> s ^_^JI 0]i 4 o G s iAS IH ' ; i 

■ 5 “ ujl 4^ P;j JOP yi ^ >-*31 4*iJl v > ^U- : : 

.>9 ,_> LAJi ^ >» 

- ’’" { u i> J -5 -^ iJa-5-i tj-jj va ’ . p S cj j..z >-l ISp^i 
<j>li S Jl o]j t >5U LipUa> L*J»oP OLSj U2 ^ Oi U, 7^ 0 

. LLi- ilaj 

Up iiJ_p K . . > • Uj = Kuj dLS IS] :j_» LLJi > . 11 

•u, + (— KJUj = 0 

j-? & j+a ' ~e - 1 >P c5l ut ‘-Aj_ r »-Jl <j-» 

op I S = {u : u ^ 0} c-JL5 li] i ilia — . i_P 0 j-S^ iSs*-^ 

.K = 0 Otf la] V] dWb^ V Ku # 0 

I i C u^Li > ..rt o ll aJV-Li cJ^Lii—'Vl *— •- 1 R n > 

' :^; 

. R" > olfr^ Vj , v 2 , ..... v D ot >> 

14 3 


i 


• Ol i 


CMjA 

o-* J -! ^-* ‘V ,>• ^S*r Span(S) d\ 

■ *•** <-** v rO~*Hj >- Span(S) 

w, v e Span(S) oi >> 
w = K,u, + K 2 u 2 + .... + K n ii n 
v = a,u, +^11, + .... + a n u n j 


i 


c^lopi K ijaiJ S = {u,. Uj, uj 


:oNl 


f w + v = K,u, + K 2 u 2 + .... + k n u D + a,u, + .... + a n u n 
= (K, + a,)u, + (K 2 + a 2 )u2 + .-(K n + a n )u n 

p 

• S 0>J LS j W + V ji ^ jJ OJUi 

5 • Span(S) > w + v oi] 

;fc>=; 

• jOp K ot jic J 

KW = K(K,u, + .... + K„u n ) 

= KK,u, + KK,u 2 + KK n u n 

■Span(S) J KW oil .S ^.bJ <j> j; KW ot ^ y , IJuj 

■V ,>• ►Lai Span(S) oil 

’f . .: 

: J~J I ^L-^lj Ja^Jl J^ii-NI _ 3 
Linear independence and dependence: 

• V U»WII ^Liill ^ L>a p v„ v 2 , ..... V n o^ >>J 

■ ' . :oV5li] 
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B = K U 3I U„} 

Span B c Span A 
Span (A) c Span (B) 
v 6 Span A 


: 0 l 

: i B C A i)l 

: jjt oSfl »-ijy 
■o\ 


v - a,u, + a 2 u 2 + .... + a n u n ^ 

v = a,(K 2 u 2 + K 3 u 3 + .... + K„uJ + +\ A 

- (a,K 2 + a 2 )u 2 + (a,K 2 + a 2 )u 2 + .... + (a,k„ + aju. 
Oil v 6 Span B ul ^Ji ^ B ^ v oi j 

.Span (A) c Span(B) 

. Span (A) = Span (B) ot dUi 

iLki^ B oJtf liL, coU^Jl r * aii Lk>- B oJtf IS! 

• ir*' oi» 

Oj& lS>^ ^ j^\j d \ ^ 

• tA>-U 1 ±» l Alt— Is-y&A 


4 . 4 (jJjLaj 


A - \rt 




1 0 
0 0 


' ^ 2 x 2 l J* Jd jl 1 

. CjLj 



ro ii 


o 

o 


) 

o 

o 

1 

.1 0. 

1 


0 0 
0 1 


• (2j 3) J (1, 1) SJaS- A-S - _^S" (9, — 1) jj- (2 
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‘ °-^r V l > V 2 VnOl^l^l^Ay 


j 015 bb bl ^ ^ v l. V 2. -M v„ ol+^uJl o^i dUJL, 

• K = 0 cHI J1 iiUVL AK = 0 flkdJ >T ilu ki 


K = 


K -1 

K, 

LkJ 






2.4.4 jlaj 


.Uill ^ ^ 


WJ A ^ B <J ; 


<y a oi 


*-y; hj^e. iV ^u^-'yi 
• yui Awsiiji 


Span (A) = Span (B) 






. .■ 


5.'-. 


ijU ^Al\ 

l =^ - <1^— A OJIS’ lii 

•cJ-^l 

' ^ ,- _,-j l .<? A " ~- r " ^ ^ O* 

; t' " ^ ** ' U ' lj ^ ^ ^ry. 4 JUi ^ 

• ^UJl J U SJai- 

{ U l> U 2 . U n } 

= KjU! + K 3 U 3 + -.. + K U 
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ol [o ol [o ill 

l L° 0 J [° l J’ L 1 °J J 


■ 2x2 £jj {j* ilJLfcuJI ols I *Lo» jJjj 

Bases and dimensions jUuVI J CjLuuLuiVI 5 ?4 

*LaaJ| ^a aJ ! y>- is-j+j-iA { Js- * jj^\ yUj *j > Jl li.* 

• Basis I tl . ^ a'l i <£ j £ a_*> 1 olS 

►UOJI li> ^ AOy*. V y»UOt ^1 

cS_J-' >XJ S < ; $ ' ■ ' -« *s-jAj>tA (_$! ol U_b»-j iLL. i^iaj jyj V ►Laijl j]_jj 
^ LT*J WJ Ma^- ip j^>w«Jl oJla ja B A-Jy>- ip 

.SpanS = SpanB 

: I ^ »LfliJl V-U i—ijjju J _^Jl aIS Ul* 

I (Basis 4 _luiLiuVI) i . 5 . 4 i£j 

»UoaJI {ja iJU>- _^p *s-y+?yA ^jA V ykU^jl Ajij.) 

: Ujk l^i V 

. Uai- ili: — • o j£j (jl -b N AP o J j* ( 1 

. V ( y»U«j'5/l ^LfliJl jSy ap oi» “( 2 

o-i~p-j aoj jhj alp ^__oJl V € V a>ol« (_$! jl (j^ 1*1* 

CUJLS* li^_» tA_-_^L«.l Oj_£ J ^jjJl oLj_>^_*Jl A- j Ja > • 

U^i iV *Loill ^y i-^L-l A = (Vp V 2> ••••, ^k) 


^SyS [_°1 ^ (.3 

[i -i].[l !] 

. R° ►UuiJl jJy e, , e 2 e n L>\ j ( 4 

I apj^>mJI ol ( 5 
{(2, 1,1), (-1,3, 1), (1,-2, -3)} 

. R 3 , j Lki- aJub:^.* ap a+>%a 


’. AP ot £W>J ( 6 

{1 + x + X 2 , 1 + 2x + 3x 2 , 1 + x - x 2 } 

• P 2 1_5* ^*=>- Ala'--« APj^j>^ 

'. APj-»^<Jl ol jutfj ( 7 

{li X, x 2 , ...., x n } 

• R n U? ip jaj>ia 

'■ is-yw>uJl jl £-J > j ( 8 

{(«, 8, 1), (0, 0,0), (-1, 1,-!)} 

• R3 J> ^ 

• ydl x pj L. (9 

{(1,1,2), (2, 3, 5), (1,3, X )j 

^U»i. ik;^ 

jl £W, j( IQ 


147 


146 



. A <Jai- jS ^jcJI u G ***** ^ ^ 

<L-.l A ijjSij tiUJuj LJaj>- l \i - ... m <p^jk> A b\ o-* 


. R" » l-/-i all 




. P n *U«iD v-U\ o_^J B = {1, x, x 2 , ..... x 2 } o! 


o Jii jl n ijJbJl o jiS ilb 

p ( x ) = a 0 4- a t x 4- .... 4- a n x“ 

Uw* l^Sy ^** D J A>*^' Ji 0 jSS jjj 

• a o + a i x + •••• 4 - a n x n = 0 ol ia^-I^L^Jl {jaj iB ipj^Jr 
• a 09 = a t = ... = a n = 0 i ol£ IS} iaii 


■ l-la>- a!a : — a B ji iiJJ JLj 

0 j£j OD-Lj P n ►LfliJl jJ yj Lk>- iiiii~~* A ip _j^>«Jl OS} 


.P„ *UiiU 


:tl$u 


: ip ol j 


1 0 0 1 0 0 0 0 

0 0 ’ 0 0 ’ 0 1 ’ 0 1 


• ^2 x 2 


■ v = ai v t 4- a 2 v 2 4 ....a k v k 

. a,, a 2 , ..... a n e R vU> veV^M 

: 015 IS} 


v = b,v, 4 K 2 v 2 4 .... 4- b k v k 

: j^9 i V j>~\ l y^> 


]£(“* - b i^ V * = 0 


I ilii— olfO v„ v 2 , ..... v k oV a; - bj = 0 ol J\ &'y. \i+j 
||,- .i = 1, 2, .... k JS3 aj = b; 0}* dAJi^j iUa^ 

: 19 ^\la 


^R D *Lail) i~-L-l A = {e t , e 2 , ..... e n } ipj^wJI jl 


u = (u„ 14 , ..... u n ) ol 


; u . e i =^(1,0, .... 0) = (Up 0, 0, ..... 0) 

: V 2 = ^2(0, 1, 0. ..... o) = (o, Uj. 0, .... o) 


;; V. = * n (o, 0 , .... 0 . i) = (o, 0 , .... 0 , u n ) 

- u,e 4- u,e 2 + .... + u n e n = (u lt 0, ..., 0) 4- (0, u* .... 0) 

4- ... 4- (0, 0, ..., 0, u n ) 

= ( u i.^. -mUJ 
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cB y R 3 j x Ot Sljt c*** 5 

:0i ^ 


1 [2] -1 x, 

C, 1 + C 2 — 1 + C3 — 1 = x j 

1 2 2 x. 


: jt ,> I i> 


Cj + 2 Cj C 3 — Xj Tjl 

C t — C 2 — C 3 = x 2 
Cj + 2C 2 + 2C 3 = X 3 

r • f - vj • 

If 

ii^>- AC = X CjU yufuJA *Njb jl ". 

A ' 

'xji rc .1 [1 2 -ii 

x = x 2 jC= C 2 j A = 1 — 1 — 1 

.X 3 J LC 3 J L 1 2 2 - 

y ju 4 B <1)1 

. x e R 3 J^- <5 AC = x ^UaJl ol £r-*y 

Ax = 0 f UaJI jl _y jt Jb Uai*- B <1)1 

. Jaii C = 0 cH 1 ^ 

iLli j A ii jl I j-A uli L-S/l <tj^\ i>* 

. | A | ^ 0 Cj! dAJ S ut dUS <y-> 

| A | = 9 ^ 0 

. «• ' A ali Oj£j B 


10 ,01 00 ,00 

a 0 0 - +b 0 0 ,+C 1 o ' +d 0 1 


ao Ob 00 00 

0 0 ’ + 0 0 ’ + c 0 ,+ 0 d 


o^i M 2 x2 ^ Hyua* <^1 jil 
. Liaj- aIZ: • A Zp-yJ^cA J| jf 'JA j A 

■^2x2 4-—.L*! o j£j A jjj 


= ( 2 , - 1 , 2 ), (- 1 , - 1 ,- 2 )} 


• R 3 *-UaiJJ o jgj 


x ( x i» x 2 , x 3 ) (jl y> y] 
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Kj ^ 0 cji -U M Llai»- SixJ jA H iji 

. i. 

K i V i + K 2 V 2 + - + K m V ra = 0 

! i 

: J* io/^UJl .i* J Vj ^ 

K i( a .i u i + a 2 i u 2 + - + a „i a n ) + K 2 (a l2 u, + a 22 u 2 + ... + a n2 u„) v 

+ + + a 2m U 2 + - + a nm U n) = 0 

1 ~ U . . Uj 

( a nK| + a, 2 K 2 + ... +a lm K m )u 1 + (a 21 K, + a^K^ + ... + a^KJu, 

+ + ( a n ,K., + a n2^2 + — + a nm^ni) U n = ^ 

•• 

,jj\ ; JS jl ^ lJu* <l>li iLki- iii: — * A d\ 

t)i i jue 

a,,K, + a 12 K 2 4- ... + a lm K n = 0 

a^K, + a 22 K 2 + — + a 2ra K n = 0 

a ml K l + a n2 K 2 + - + 3 »A = 0 

aJL* ol & m j CS n J L^ 1 ^' f^’ ^ 

^ oV«U^><lc)^oUN (K,, K, K ra cAj&& ft* 

. o/^UJl oOp ^ js\ cAjj&& 

ilLu> *\ J *(K P K 2 , .... KJ oL‘ ilU> i>\ ^ 

. f U^. ikJjA 4P_ r ^>- H d\ c-A II*J .i K ' ^ 


cR 3 »UiiU 5**lJ {c„ e 2> e 3 } j\ 18 JV^Jl ,>• 

Ol Aa>-^ 4 Jli-Jl ,jaj 

B = {(1,1, 1)1, 1(2, -1.2) (-I.- 1 * 2 )} 

. R 3 I bLojUJ L£j1 4— 


I tUrij V4J ^ ^ V ^.1^1 aj*t ■* *w a* 

1 . . ,juJI ^ ^ OU-L-S/I ,-L. op ^ 

,i- . o.lf?o*Jl 



jlj V A — {"Uj , l^, •.., Ujj} tji jj£$ 

• m > n ^ H = {v„ v 2l ..., v m } 

4 ■ la > - “Op H J5 

f . .. . A v-L-Vl 

v, = a u u, + 02,^ + ... + a nl u n 

• *• 

v 2 = a 12 u t + a22 u 2 + ... + a^Uj, 

V m = a im u i + a2m U 2 + - a om U m 
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oli ^ V-U Jp V ^y^Ji ^ ^Urtl »UAJl jJ lil 

■ -**Jl <_yl-fri M LaUuI *Lai j V 

^ iS-Ul a^Jl ^Uo-'yi ,UAJ| y {0} ^y^Ji ,UA)| 

• <=-^-i 15 : 

'~ r * j~e>\ls- < j r= i o^UJl ^-*0 jj i-JUJl *i j U •. \ ) 

■ -kUjNlj a .Jbw ^JUI v JkUjYl 




3.5.4 (Lijlaj 

iSj^ V >Lii)| y ujy. s L>\ ^yyJ 

. olyujl y m 

S o^i t m > n 015 lilj n = (V) Juw 015 lil 


d ( _ r ^ i c 5 V t-Ua . a . lJ U— .U.I _l>- y i n = (V) Jjo oi ■*--•» ■ 

. olf^uJl j» 

• m ^ n 0V lJa>- 4l a .,iy ip y±>ui S 0l -L>o ifljU> flj 0^1 - 

Jp-_jj V D oJ^j (_5 JJl *LAAJl y fliL J jjflJl 

Jjiil UAJJ5 i y»L*J l y n y <5 y>5 Si) 7 . 

Or* (J*l ■ 3 “^ p ^Py-*'- 4 *^f » La All IJ> ^ 

.V ,UAJI Jjy ol y*^ 1 ' 0* n 


l 

: oJV 5 V 3 \ 

A 2 = {v„ V 21 ..... V K } J A, = {u,, U 2 . ..... Uj 
• n = K. 0^i cV y»L»j| pLoi j> y^L-I 

I- ~ J 

yVA^iil 

■ K > n jt ,yiyJ 

\ ^ '***’*' ^ J! ^>- U» ‘V .UiU i_U A 

|. li. ifij . (DM i»l) ^.UJI *. n *, y ^ ^ ^ Lki. 

| -KSnol^oil.V.l^^UAjOl^jUiJi^ 

|:-K>no!^ ‘KcnotU^lii U.>J| ^ 

|- ^ J1 U * ■ <*-* ^ y* Aj j A, ^ ^ ^ 

■ K = n oi jAj 
Dimension of a vector space ^Urtll .L^J, ^ 

i L?0 ^ ^ L ' i ^ *#->=*“- er*W--Vl .UiiJI 

L ^Finite rumens ion ^ ^ ^ ^ ^ ^ ’ 


2 • 5 . 4 


^yu 


‘V pUoJI 


^ V' 1 -' 5 ' 1 ^ a^p ^ V >UiJ , 

• ( V ) -i*. viJLJJJ y^ 
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►LAiJl J 


+*y**>* ^ iw,L-Sll oi <iS" lj> i>* 


I 


5 . 4 A_» 3 Ia3 


T*~PJ ( 1 


B= {(1, 1, 1), (0, 1, 1), (0,0,1)} 

. R 3 <L— iL-t Oj£* 


ll)l 7*-j>3 ( 2. 


B = {(3,4), (1,1)} 




oi •( .? 

B = {1 - x, x - x 2 , 1 + x 2 } 

3 + x + 4x 2 <>p P 2 V -1 -' ^ 

.B 


? M 3x2 »UiJl - M 3 x2 ^ ( 4 

W -L^J> a ^ W ^ ^ ^ V " ( 5 

.o 0*i<J V 

:ol5 1^1 < 6 


: a, b,c 6 


<p>~~ A = {u„ u 2 , .... u m > ul 

. n — (V) -W v l- ; > - V t _ r *L>xJ'Vl > I. <ia.lt ^ 

> V *L.ua i.i—l <_. .1 i)U_* up im < n OLS” IS] 

• A J| 


f: 

• Span (A) J V ^ yL<? o«^ v, v, 6 V of ^ _pj 

f • 

. Uai- <1*—* <*U*?~* A, = {12,, 112 ,...U m , V,} Sp^JcJI 

V ►UaxJJ jjX: A, up i Span (A,) = V uLS' Ijj 
■ ' V v 2 G V «jU iSpan (A,) # V 015 - Ijjj t A JLp 

•Span (A,) jctj* 

• ^ iL ^ A 2 = ( u i» “a. u m> v„ v 2 } <P_^J| 

V *LAm11 u^SC; A 2 Up tSpan (Aj) = V utS 13] 

JJ J~* jjc! U^JI Op tSpan (A 2 ) ^ V ulT ISJj ,A J* 

A .- m = {«|, ^ 2 ,..., u ml v„ v 2 , ..., v n _ m } 

^ v *UiiJJ s-L-f u_pj <Wy iLi^ ip_^ o i^j ^i\j 

.AJ* 

y Jj ‘v-U ^ ^ i^v-y ^ v ^Uo-vi 

. «~-L-I 
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c,= 


a* 


. A ii ' SJ-*! 1 < J ^ n 

.Uii ^-,{R„ R 2 , ....R.} ^ >UiJI 

J ^ R" ^ Jj* .UJ >»J (Row Space of) A ^ 

■ R(A )yfr 

.UJ {C„ C 2 CJ '^l 

R « v .Lai jj.j (culomn Space of) A J >*' JI 

■ R(A T ) y}\ 


1 yyj K cy <yy 


-.23 jjii* 


o 4**J 


A = 


1 -2 3 

2 4 -1 

. v , • : 

. A a>^JI -0^1 ^ V A '- iJ ' 

R(A) = Span j(l, -2, 3), (2, 4, - 1)} 

R 3 O' jyr ^ S J 


.. ., ,uaiU V-U* 1 -nrjti ‘ M 2 »i y' 1 *' 3 ' 5 '' ^ 


» LA » 


:ji 


CT-* 


. w 
( 7 


B = {(2,-1). (4,-1)} 


.B ^UJ^is^O. 2 )^^ 


R 2 


.M 2x3 t-UA^U V- 1 - 1 ^ 8 


• W, c w 2 J v ^UJi ,Uii ^ w *« w 2 bi ( 9 

. W, = W 2 jl £j>y t w, a~ = W 2 -A^J 

•i-v ui ^ Jbu jj V ^ -Ui3 H jt ( 10 

hyj H n k = {0} ji r -^-4 v K pl — ■=*— * ■^ L - : — > 

.H + K = V 

.4k$g -. . • 

Row and column spaces j^ajUI pLuafl 6 . 4 

# ; ~ " ’ ~ 7” 

A ij jA.S2» 11 kAAll *LA» l»_* ^-‘1-^,4 A 4J ^jy84 ^JiLj 

. A II ,5 »-Lj23j 

: ji 


A = 


“II “12 
a 2l a 22 


*- a «nl a m2 


01 yy^j aU*t I^U-Ijl. m X n 

^ ‘A ijjJLuXaJI 


ty cy 


c?* 0 < i < m u_^) R. = [a j( a i2 .... ; 


I . 


• .•*V*S 

■ - : V 
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1 -2 0 0 3 2 

A _ 0 010-4 1 

0 001 5-6 

.0 0 0 0 0 0. 

; is y- A* 

A JI O.LUJI o^i A OJ15 131 

4 A ^Jl ,Uii ^ Jl yJ'j 

<» j “ -i '-'J ' — a—^aJl »Laj « — aj jjk A Si jjLa^JJ > a— oJl ►Uii ji-T 

.A ,j-» 

iijA-All ^ aJ jikJl as I 4 J jbw iw»l>- i3U> 

iiji^Jl ^1) ^ ^V| JULj Uai- il i: .-* Oj$y 

. Si j» »Loa) i~- L«1 

•. 15 

is jQ-si o U i.. a./iil «A-Afll i_-L-l 

‘1 -2 0 0 3' 

2-5 -3 -2 6 

0 5 15 10 0 

2 6 18 8 6 


mmj 0LL4JU cUUij iJ_^iwJl 0 ^1 A 

.A ■Jy-* 

j (— 1) ^LlJl y-J jJ>j 2 ,^i JjSfl *-a-aJ' u r J r^’ ^ ' 

. ^UJl ^LoJ! Jr* 1 ^ 


R (A T ) = Span {[^], [-*],[_ 3]} 

■ R2 u* •Jjf’r *Lai jA J 

:0li lilUJj 1 R 2 y 'jj*. ,Lai R(A T ) ot JluJI |Ju ^ j^*y 

►UiJ <r— L-T 0j£; V S-U^S/I .Jj* op tLki- Sis- - ^ ) 

• A ijj.i.rt«.l) i j^jJl 

Reduced Matrix il^Jl ii y ^ , i | 

■' Ji l~ yJI y^^Ji Jj 

^' J ^ *1 JU 0 ^ ^ ( , 

•^^XJiVl J*) 

■ 1 ^1 OjS. >-^ji J ^ ^ ^ J jf ( 2 

1 «*" ^ -LJ J ^ ^ J,l > ^ ^ ^ ( 3 

• IjU^I <U-ij .^ul o Sj 

3 At J,| . , . , 

J j! “->Cf!l ^Jl j - • . , . 

O^UI ^ ^ j^j ( 4 


.•24 ^Vi» 


• isj fl . n »J| 
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jjIp JjSM j (— 6) ^ vlJVi}) uLa ) ' • jJ> ( 6 

. ii LL «.jj J jN' 

1 0 0 -2 3l 

R i = - 6R 3 + Ri 0 1 0 -1 ol 

‘ 0 0 1 1 ol 

.0 0 0 0 oj 

‘ ( 1 > 0, 0 —2,3) ij ii i jjL a ^J J jj—aJl oi) 

. A <i t 4-rtU ►LfliJ i.rfL-.I ^(0, 0, 1, 1, 0) i (0, 1, 0, —1, 0) 

:o\ $ "* . ■ 

R (A) = Span{(l,0,0, -1,3), (0,1,0, -1,0), (0,0, 1,1,6)) 

1.6.4 JljjJU 1 

. m x n ja is yuaA A ol yd 
,y Uas- 4U:-o.'i ii z±* y> (Rank of) A <Jj 1 

. A ii (j* *&yua^\ I 

*Lfl3 Juuj »Lii Aaj £j-i XJUM 

.A ii >^J1 V* ^ A 

1.6.4 ijjloj i 

jl«u = R(A) jl*-, d\i cm x n £y y* Uy^ A )4 , 

. A ii VJ ^ ^ 


2 R| — R 2 — R 2 
2R, - R 4 = r/ 


'1 -2 
0 . 

0 5 

[0 -10 


» 2 JjSlt »-. 4 ., n \\ 

. £j' jll 

0 0 31 

3 2 0 

15 10 0 1 

-18 8 Oj 


f. 

If* J (— 1) y j 5 y j~j> 

. viJllil l iJ J-^^-ll 


j Js- £jljJl v_LvaJ| Oi*> J 10 ^ ^Aill L-ij^.9 

?.i, > -gljll >-a^a)lj vlJlii! j^ju ( 3 

■ 5R R _ R [' " 2 0 0 3 1 fl-2 0 0 31 

0 1 3 2 0 R j = R 4 0 1 3 2 0 

J-10R 2 -R 4 = R 4 0 0 0 0 0 ~ * 0 0 12 12 0 

■ " n n I O 1 >1 n 1 


Lo o 12 12 ol 


0 12 12 0 
0 0 0 0 


t? ^ M f 2 J iJM 04^ (4 

V ' ' ^ ^ > JWI JjNl ^ 2 ^ ^ 

' ^ JWJ ** ^ -» — 3 ) (5 

• ^:';r- ! i "-'t;.,.. ■ u^l v-igall 

■ \V n fl 0 6 4 31 r, 

"vCiJ l5= ^3 Q 1 « . - V 1 0 6 4 3l 

U^c*. : ; ; ; 

l» « • • o “ “ 1 1 •! 

1 ° o o o o 
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A = 


12 33-1 

-21 40 2 

10-11 1 
03 64-2 


‘ 10-10 0 ‘ 

0 1 2 0 —2 1 

0 0 0 1 1 

0 0 0 0 0 . 

juJ >lx- ^ A .y tfjk ^ «J/*» >j~* ** 

. r(A t ) ,Uii3 v-U dj£ ‘oxU^JI 


B = 


: 0^1 


R(A t ) = Span 



1 ' 


’" 2 1 


' 3 ' 

1 


-2 


1 


0 



1 

i 

0 

> 

1 



0 . 


3 . 


_4 

) 


. 1 A ; n ; ,A .J ( ^ rr p J A <i j- ft -.. ^ *0' «-HJ J-*' — 1' OVX*J\ ^ 

•R(A T ) 




,J 3&S A ^ ^ 

. 3 = A iJ j Ol» 4 Uai- 


: ^yk R(A t ) *LajJl i— Oil 



"I] 


'-2' 


O' 

1 


2 


, -5 


-3 



0 ' 

7 

5 

7 

15 



2 _ 


i — 
On 


oo 

r-H 

J 


:Oil 


R(A T ) = Span < 


IL°] 


-2 

-5 

5 

6 



1 ^ ^ ^ . . Rn ^ oU ^ 1 '^ 


• A (0* ^ <jyu<a-< 0 \ l y> B o\ yc] 


) 


d---d i -oju^Vi Jjii- ^ij A s-upS/i L5* R ( AT ) v-^ 

^ ^jSl SJl^pSII A ^ ^ Lki- 

. oJj 


2.6.4 <Li jlai 
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: ip C)j& kiAJi 

{(1,0, 5, 5), (0, 1, 3, 2)} 

.S ^ »UiU 4-.U 



: ^y, JSO Ja» jt ( 1 

. ■ »Lai ( 1 
. a *Lai ( c;j 


: ii yuA+ii 

1 2 2 —3 

A = -3 1 1 2 

1—5—5 4 

• {j* Jp- j! ( 2 

. Ljuai\ *Lai ( 1 
. a j^jJI »L«i ( v-j 
: ij .^aJJ 

'01231' 

258 17 5 

A “ 1 3 5 10 3 

.1 4 7 13 4. 

^J>j iJLlS nxn^J^ A ot ( 3 

. R(A) = R n 
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a 2i a r 


u, x, 

b 2 x 2 

b = jx = 


: r lkJL 'NjUjj' 

Ax = 0 ( 1 

^Ua*Jl O^i lA » i l yt OjjLaaJI ^A B Oj 15 lij 

. Bx = o J& 

. T A ii *Jj it yiJ 
B = I n it yju dUi ir = n ilS - lij (1 v 

:^a J^Jl i\» JULj 

• ■ • H. i ‘" — t - 

x = 0 

. r < n il£ I ( w ,. 

. y:. 

:JUI 

x, + 3 x 2 + 3x 3 + 2 x 4 = 0 
2x t + 6x 2 + 9x 3 + 5x 4 = 0 -r 

- Xj - 3 x 2 + 3x 3 = 0 


‘1 1 -1 
A = 1 -1 7 

1 3 5 


••s^iVS \»\ <. A 


. A vj 1 A ii AsrJ ^ i 

: jl5 li| <;! tm x n A oJtf 13} ( 5 

. i . Ur» - ^U.T j A i^i 4 in ^ n ( t 

. Lk>- a\xJ ja i A i i jA~& 4 n < m ( «— «» 

.1.6.4 *jjed\ ( 6 

.2.6.4 hjid I ( 7 

n oVjIaaII m jjaJ J^JI 7 . 4 




.JSCUI 


a „ x i + a i2 x 2 + ••• + a ln x n = b, 

**.*, +a 22 x 2 + --- + a 2n x n = b 2 

a mi x r + a^Xj + ... + a nw x n = b m 

J* Uj^t, « ^ 

Ax = b 
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l 2 J *2 = l l ^ * iUJI *** ^ 

.s^Jl J- 31 &' ** 

.VjjJ i)j£> Bx — 0 


+ 3x2 + x 4 = 0 
1 

X 3 + -*4 = 0 


: « ^Sll *bUJl ,>• 


X 3 ~ 3 *2 


: JjSM iliUJI <yj 


x i ~ ^tj tj 


-3 

1 

0 

0 


+ *2 


-1 

0 

1 

3 

1 




■ SC 


:0i» itj = 0 j ti = 1 01^ ji) . 


-3 

1 

0 

0 


. Ja *. Jl fUiJJ ^>- J»- ^0 

0i» it^ = 1 J t, = 0 jtf lib 


• o\ .iUi . 


A = 


] 3 3 2 

2 6 9 5 

-1-330 


3x4 


B = 


; B *U^xifc»Jl ii jju &-+ Jl l)j£j OLlJ juj 

13 0 1 

1 


0 0 1 - 
3 

0 0 0 0 



jl i B ii y u a* 


•’ °'l j*— ^ 

^ S-bUJI ;x^i J,U: ^J| ^ (J ^L-l 0.1 ( 1 

. B 43 jjuad I 

^1 J-U; ^JL x 3 j x, v-L-Sfl o.l^joJ| ijuj| 0 jl* 

• B o^Jl j j J^l 

B Sji-Jl j U-Vl JjlE ^ ^ ^1^ ( 2 

^ ^ sr 11 *<-> *2 ^ v~Ji 01^1 yujl .JL. ^ 

Ax = 0 ^ ^ Bx = 0 f ULOJ r UJl J^Ji ^y 

• p-i 5^J1 ol>^J| 
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170 


; 29 

r lk«> 

Xi - 2 x 2 4- x 3 .+ 4x 4 - x s = 0 
2Xj -f- x 2 — x 3 + 5x 4 4- x 5 = 0 
x, + 13x 2 - 8x 3 - 5x 4 + 8x 5 = 0 


'1-2 14 -l‘ 

A = 2 1-1 5 1 

_1 13 -8 -5 8 





b 1 cb yj 

■ J d.h-t- <1.4 o -uoUJl of _jJl 

. <^>UJl J jJUJJ 4.1a CjL-S” j (_$ j^Vl 


:aiaa.Vu 


i5 ►L^oaJL L» 0 j£j Ax = 0 plh.ll J jJUJl <p 

. o ^>Jl ol oJLmj ^JLJIj A ii (Nullspace) 


II 


1.7.4 iijlai 

J-aUmJI ^ n ^ m ^LkJ J _^L>J| JS 

Ax = 0 

° L A J| J* * ^ (r < n)n ^ Jil A oj 0 I.JLP 

• 4 la:. — .v Jl <J ^1U*JJ 


2 . 7 . 4 4j 

^ x = 0 oUl J*J| ji >T J» <J Ax « 0 r UiJl 

.c^JcJl iOP ^ Jif A o‘j oJIS - 131 j 
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■ <-** A ►LiiU i-^.L-1 0 j& 
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174 


A = 




' 1 2-3 1 

2-1 1 - 1 
|1 4-10 4 


b = 


0 

1 

- 1 


, j\\j [A : bl Oj& 


[A : b] = 


12-3 1 0 

2-1 1-1 1 
1 4-10 4 -1J 


[A : b] Siji-aJJ *by-**& 


1 0 

l 0 1 
0 0 



1 

0 



a ! J*i JJi ifj *4 = * 2 . x 3 = l i ^ 



1 »I2 

0 .... 1 •••• 

0 .... 0 1 
0 . 0 .... 0 .. 


aj k • • • 


a rk a m 

0 0 0 ..o 


b , 

b 2 

b r 

b, 


r+ 1 


oo ... oooo o 


.b r+L = ... = b ro = 0 uis- 131 Ax = b r UiJl 

ol^JoJI iJVJb & r f UkJl t >£~ i iJUJl «I> ^ 

. n — r :UaJip ^Ij 


i/i .j , 


3.7.4 &j jlaj 

«-Li oJL5 I3 Ij 131 U_-L^_4 o^-SL. Ax = b ^Ui_Jl 
• i_r*^ [A : b] A 




:^VkJl J >- 


x, + x 2 - 3 x 3 + x 4 = 0 
2x i - x 2 + x 3 - x 4 = 1 
x ! + 4 x 2 - 10x 3 + 4x 4 = _ i 


177 


176 


T 


:*1 W* viAUSj 


x = t, 


r 2 1 

3 

7 

3 

HI 




0 

-1 

0 

1J 


.Ax = 0 r UaKJ>Jt JS) J-.V* J»- 
^ Ax = b f UidJ (J^l J5) JA£M ol vDJi ^ 
Ax = 0 r U5dJ J >J| JS, Ax = b f UidJ y 


4.7.4 Ja jlsu 

(J^* - cS^ £>*■?*-• j-* Ax = b ^Ua'.l) ^A£Jl 

Ax — 0 ^Uail) J ^ j ^law»H ^Uaiii ,_ysU>- 


li-Aj Ax = b ^UijJJ ^Lp- J_p- ,_$! j_* Xj ol 

.AXj = b 

. Az = b j! Ul* j Ax = b ^IkJJ J*- J z ji 

. A(z - x) = 0 <iJJA* j Az = Ax t ji\ 

. A(z - x) = 0 fUidJ J>- z - x t j\ yu Uaj 
: Ol» ix = z — x t OIS 
z = Xj + x 


179 


X 2 = l "j 1 + 


G>- 


^2 


’• O^i vliljkjj 


X = 




L 


t 


■ 1- 


-2- 



3 


3 


;r 

1 


7 


|: 

3 


3 

+ t* 


0 


1 


}v l 

. 0. 


.0. 





lt 2 = t 



r 

it 


0 

0 


•^-hfUaiU-S^CjS, 

178 



M. = 


: id j ( 3 

V = {(0, x) : x G R} 

:R J ^ 

: id j ( 4 

: a G R I 


{[-. :M 


•M 2x2 


fUcti 


: \>\ (5 


A = |p € P 2 : J P(*)dx = 0 


A = 


-2 


•P 2 

O' c* 5 ^ 

1 

2 -2" 

1 

1 0 

2 

3 "2. 


• \i\ (6 


J*j x, u-' 1 


Az = A(x, + x) = Ax, + 

= Ax, = b 


Ax = b r OiJJ J- ^ 

.x yj Ax=0 r V^i 

0\ viAJi ^ 

Ax = Ax, 4- 0 


. Az 


= b ji ,>*i 



• ; iJbil iUaiSH J*- 


( 1 


( 2 


x, + x 2 - x 3 = 1 

3x, - x 2 4- 2 x 3 = 0 
- 3x, + Xj 4- x 3 4- 5x 4 = 4 
2 x 2 — 3x 3 4- 5 x 4 = 4 
-x 3 4- 5x 4 = 4 

^UkJJ t l _y*> U ( 3 

Xj 4- 2Xj - X 3 = 0 
2x t - 3x 2 4- x 3 = 0 
tx, 4- 7x2 4- X3 = 0 

• *U\ J*Jl J\ 0UNV1 >T 

.2.7.4 ( 4 

.3.7.4 ( 5 
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II u + V II 2 + || U - V || J = 2 II u II 2 +2 II V H 2 

U.v = (II u + V II 2 - || U - V II 2 

Jui otf \i\j by u.v = 0 ol {j»S. < 13 
ll« + vH 2 = l|u|| 2 + ||v|| 2 

Ij^S JljjJJ iJai- yS p(x) = X 4 + 4x — 3 <>J~S V s *' ^ 14 

• 'v 

h(x) = x + 3 j r(x) = 2x 2 - 3x j q(x) = x 2 - 2x + 5 

.U.V = V.U 15 

tU G R “ ^ ^ ^-ri ^ 16 

■ e p e 2 , .... e n 

\d\ Cj*j* *pW, q(x)» *(*) € P n Cte b|( 17 
< p(x) + q(x), r(x) > = < p(x), r(x) > + < q(*), r(x) > 

: Jj» ( 18 


W = 


a 0 
0 -a 


: a e R 


? M 2x2 o' foj* >Ui ^ 

tfUJi ou ^ M =x 3 o- V* N 01 ^ 1 '' 

v^li ^ M 3 x 3 «>* U ( 2 


. R(A) .Uuiil v-\-\ (. \ 

. R(A T ) *U^11 S-.U.1 C v 
. A *iyL * xJl S-3 j ( ^ 

: cJVS bl ( 7 

1 2 3 4 5 

2 4 6 8 10 

A = | 1 1 1 1 1 

3 5 7 9 11 

10 10 1 

: 

.R(A) ►UuJJ v-U ( 1 
. R(A t ) *U^1 wU ( v 
. A A* i-jj C ^ 

. n x n ^ ^ <* yuAA A o\ ^ yd (8 

: otf by 

B = {x € R n : Ax = 2x} 

• R ° u* B ol 

.u = (2, 1, 2. 3, 10, 3) oils \i[ ( 9 

. U ol>ul A>C* ( >_> || U || ( \ 

U V * 0 0Ljr -> V = (- 1, 2, - 5, x), U = (x, 1, 2, 2) oL_£ bj ( 10 

• X jv-J «V»- jli 

■o\ j*j,{ 11 






.3 x 3 £> o- ^>Ul\ 

? M 3«3 c>- U J* 

. E = {f : f iJb } ol ( 21 

?<LiJL*Jl 'JS »UAi ^ *'-'“• E jJa 

. V *L<ai ^ *^jsf B j B ,y i5 _)»- ip A jl ( 22 

A jJ-fi iB ^-« ►L^ai A j V ^ *1— «*•* B o\S lij ( I 

? V ^ Jiy>r ►Uai 

A iV {j* Lj_^j»- »Loj A j V ^ LjJj*- *L^ii B jLS’ ISJ ( t- < 

? B j* ^Jjpr *Uai 

• {(I. x). (x, 1)} J**J jd\ x ^ a^jl ( 23 

; ot ^ jcS ( 24 

A = {(x, y, 1) : x, y (= R} 

9 R 3 {jA *Uiu oj£j A ^Ja 

: Of ^ ji J ( 25 

B = {(x, y, x - y, x + 2y) : x, y € r] 

S R 4 {ja y^jj^r *L ai Oj£j B Ja 

:C)t^>J(26 

w= ifo c dl :a ' b ' c ' deR 


^ ^2x3 l>* ^.rT OjSo W Ja 

oi ( 27 

A = {(a, b, c) : a + b + c = o} 

^ ® 3 i>* \^jrf ►Uii o A Ja 


r 

: 
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t 


. R" ^ jJx ll 1 j 1lp iiLL-M ^ UijAj 

♦LiuJl kS y^Z. oULAi i_j j*a>\ 1 

. R° ^ji LJ li>-\-XJl v_j j^aJl _p- ^s- 1 j-A V. ' .<». : .» *'> ^ ^ 


^(jiakloll u»jj-cu») 

JS3 <, >:V-*R yb y V ^Uil ►Ui <> J*Ad l 

: aJU\ \> j yJl Jtoo < u,v > UJb- bJLP V ,y u, v ,y £.0 

U s ; oL^ bb bi < u, u >= 0 o < u, u >> 0 (1 

.u = 0 

.u, v€ V J£1 <u, v> = <v,u> (2 
. < u, v + w > = < u, v > + < u, w >( 3 
.a h±x» US J£J a < u,v >=< au,av > ( 4 
*Lii .-■ d1» ,Ji*-UM g V >LoiM 





■ a ij m i . l l »L~*aJ ^y *jl - -.»J\ j t__i JjmZ 

■ R° J J 

LfcJ *J% fu V l _ J JL»-l jlJI »—> *1 J»s ^y u < •>« ■-*■!' (norm) ^».l a j 



iJUil ojj-uaJL y m U p-l ai ut .x»o R 2 aJL>- ,y 



d(u, v) =|| u — V || 


U WS lib ‘^1 ^ ^r* ; u o^JI obbl u || = 1 li[ 

■ U -M j a^t ^ J* JL ^ ^ 

4^ O' VJ^JI *Ui yi u+ji juu jla 

• ** ^ >/ ^ V*J V yrH, ^ . ^ # 
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u j*ai\ 


u + v || 2 = <U + V,U + V> 

= <u + v, u> + <u + v,v> 
./ 


*= < U, U > + < V, U > + <u, V> + <V,V> 

= II u II 2 +2 < u, v > + II V ir 

<11 11 IP +2 II u II II v II + II V IP = (Hull + II V II 


(2)j Co ^ 

- 1 << U, V >< 1 
I < u, V > I < 1 

| u II II V II = 1 j|i II V II = 1 j||u||= 1 

:oi 

| < u, v > I <11 u II II v II 

. jj- V, U ol yjP J iJ 

I ijt 

• u V 

FuH'iivli 


U V 

uTii’iM 


U V 

I < , >< 1 

Hull’ II V II 


||u + v|| 2 < (||u|| + II V II) 2 
o\ S -> U ?' J * LrJl ^ 

II u + V ||<|| U II + II V II 


• Ol -i>o iwJ jjah I 'j# I y*- 

u V 1 

ii u ii n v ii <u ’ v> 


!<U,V>|<||U|| || V || 
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190 




192 



< f , g>= ) r(x)g(x)dx 

- I 

• M gjjj'M OJIS lil t* 

g(x) = 1 - x, f(x) = 1 + x < * 

g(x) = COS(7TX), f(x) = 8in(irx) C 'rr' 


< 1 + x, 1 - x >= / (1 — x 2 )dx 
- 1 


( 1 


-0-H--0-S 


+ 1 -i 


4 

3 


.c ^ ,*juU> > OW^- 1 - * J 1 + * 

< sin(7rx), cos(7rx) > = / sin(rnc) cos(**)dx 


1 sin 2 (7rx) 

7T 2 


= 0 




i olA-U> cos(Trx) j sin(7rx) ' ; 


UBH Cr* »>**■» ^ Pj a ' ^ ' 



: J, U5 ►UbiJl IJla Jlp jJI ^ ^ 
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: v»v 


. A ^ juU> 5 - 2x - 3x a &1 


q(x) = b 0 + 


b, 4- b 2 x 2 , p(x) = a 0 + a*x + a 2 x 2 



:^V» 


2 . 5 

. aa* K 0 \j . v ^-a3l »Uii V o\ a* ’j & 

Ol J* u*j? 

< u, lev > = k(u, v) ( 1 
< u, o > = 0 (2 

<u + v,w> = <u,w> + <v, w> (3 

: Ju US' a> R J d <s>?* ( 4 

:jli v = (v„ v 2 ), u = (u„ Uj) M «M 
< u, v > = 4u,v, 4- 9U2V 2 

v = (6, - 2) j u = (9, 2) cJl* A \ 

||u|| ( V <“.v> ( ' 

d(u, v) ( a II v II ^ 

< J V *M j ( -* 

I u + V IP + || U - V IP = 2 II u IP + 2 II V IP Ol > ^ ( 5 

< u , v >= i || u + v |p - ^11 u - v |p Ol > W'-' 6 

ijJ jLSIib l Mll u + v ll = l |u_v|l ' : ’' cri_f ^ 
.^•uuv^vevoi^ (8 


<p, q>= a 0 b 0 + a,b, + a 2 b 2 
^ P 2 *- ^ ^ ^ A ^ ^ 

^Ul - 2x + 3x 2 j 1 + x + x 

A = span{l + x + x 2 , 1 - 2x + 3x> 

. A ^ JuUu u Ol cu = 5 - 2x 4- 3x 2 ^ \*\ 

< 5 — 2x - 3x 2 , 1 + x 4- x 2 > = 5 — 2 — 3 = 0 

J 

< 5 - 2x - 3x 2 , 1 — 2x + 3x 2 >=5 + 4 — 9 = 0 
. 1 - 2x 4- 3x 2 j 1+ x 4- x 2 ja JS g J 0 .U 14 5 - 2x - 3x 2 d\ J 

.v 6 A d\ ^ yd dS\ 
vi-r^ v = K,(l + x 4- x 2 ) 4- K 2 (l - 2x + 3x 2 ) u\ \1* 

1 .1 . uV-JLJLu- j K.j 

<5-2x-3x 2 ,v>=<5-2x-3x 2 ,K l (l+x + x 2 )4K 2 (l-2x4-3x 2 )> 
= < 5 - 2x - 3x 2 , K, (1 + x + x 2 ) > + < 5 - 2x - 3x 2 , 1^(1 - 2x + 3x 2 ) > 
~ K.j < 5 — 2x — 3x 2 , 1 4- x + x 2 > +K 2 < 5 — 2x — 3x 2 , 1 — 2x 4- 3x 2 > 
= K t 0 4- KjO = 0 
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ur*l ••A-tUcu <c- i>* 

. ■ i U'-J 


: o j&iJl *Juk JtJI 




bl 


v 3 — (2, 0, — 1) J v 2 = (1,1,2) j Vj — (1,-5, 2) 
U* yj i!.uUi* {v„ v 2 , v 3 } ip_^Jl ol £-*> 

. i ^ la.< oJlAiCU ip 


< v i,v 2 >= 1(1) + 1(— 5) + 2(2) = 0 
< V„ v, > = 1(2) + 0(— 5) + 2(— 1) = 0 
<v 2 , v 3 >= 1(2) + 1(0) + 2(— 1) =0 

• :^Um {v„ v 2 , v 3 } Oi) 


.V y y'y »Ui W o\ ‘ w = {u e V •. uiv} o\s v ^v 

. V £* SJnUidl J5 - y il) j&j W ol 


yb A o y ..a -»Jl jlj ‘R D tr* X l« X 2» •••« x n ^ ^ 9 

iiy^. A T A jl ^ x„ x 2 , ...,x n cr 5 ' 

. Xp X 2 , ..., X n y £jj J* -!■*» Ob' bjj bl 


iUiuJl SjuUcuJI olp j • .X-Ui*Jl oLp_j-*p^*J! 

1.3.5 

• ^ V *La» y ijy- ip A oi y yj 


or&^* o\S li| Orthogonal set Sjl-Lc-. <* 


^ J* A y V J5, SJL-Ui* 
Orthonormal 5 jl.Uu <* 


^XilaC,. yjjL^. 

Py^rw- A eJlS b) ( v 

y* ~ J A t o-Lv-j 


v, 11= yl 2 4- (-5) 2 + 2 2 = >/30 


1= \/l 2 + l 2 + 2 2 = v/6 


| = JV- + 0 + (- 1) 2 = >/5 


: y S-t>- _jl I oLj^ju o^i iiUi y j 


^■^I^,0^ A = {V! vj^i 

i/j J SJ <v i ,v j >= OolS lil 

OK bl SJL.Ui, A 

<V i>Vj >= J 0 * 1 *! 

U,i = j 
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< Vj, V, o i < Vj, Vj > = 0 j\ a 4 = 0 i)\ 

• i $y^> jf <*■*• v « 

{v„ v 2 , ..., vj ip_^*Ji J IJUj i J£J a } = 0 Oil 

. Lki- iii — • 

it ^ B C-JIS lil il AjJa^\ «A> ,>• 

O^J B Ot> in .Ajy ^JJlj V <> 

. ^oLjJI n ^ B o~ilS liL) lij V *U«iU v-^ 
<r— L-l ^ — ; v Jj>. IjJI Vj ^Jl *Uu ^ B 

»-L*L*^* iwLl i SJL«l«i. <e-y^3^» B cJlS bj Orthogonal basis 

• ;x«Ucu it y*>** B cJ\£ ty Orthonormal basis i*lLu 
1 V ^Uo^l »UiiJ| i^L-1 B = {v p v 2 , ..., v n } oJl£ bj 
• C>t i B A_ki»- i_5 jS <ip j~>ei\ v€ V ^ 

V = a,v, + ^ + ... + a n v n 

. alJpi a; vi-»- 

*>-■*-' 1-^J •~~j J.~h I I »l -a i V jLS bj <j\ j-^JlJL; jyXj^-i\ 

Cj^)bL*_*Jl 1 4»h'.« oJL*IjC^ i_-l_.i B = {Vp V 2 , ..., v n } 

I i)Njj 3j 

'. o j£i) I 6 jj» £wi> y iJbJi ijLJf 


2.3.5iijlaj 

f-Luij ^ 5 -l*L«cl» i--^L>l B — {vp v 2 , .., v n } oJl5 b} 

:j^i iV '-Jy^ 

V = < V, V, > V, + < V, v 2 > v 2 + ... 4- < V, v n > v n 

.V V 4^ 


" (v^30’ >/30’V3o) 

= (ts'Ts’Ts) 

;= (7f’°’7f) 



,;Jt. ^>w~. {U„ U 2 , »j} iPj-r-J' 0i * 

.Uill ^ S-.U > J ^ ^ ' oA " l ^ Jl 

*LoaJI jlp Jli- I jJI ouy* 1 -*~i ^ 

.^■Nl 


1 .3.5ijjlaj 


oJL«\jC-« i 
• Lia>- iliu_. O A 


tAo* ip y^A A = {v,, v 21 ..., vj oJ\5 lil 
A tl)^» iV l _ J li-|jJi ,_ji Aj ^ a.^ a H 


: d\ 

a,v, + a 2 v 2 + ... + a n v n = 0 
< a lV| + ^w 2 + ... + a n v nl V j > = < 0, ^ > 

“i < V, , v, > +a2 < Vl> V. > + ... + a„ <c V n , Vi >= 0 

• i ? S ija<v i ,v i >=0o^ iU,U. A 
*1<V | ,V,>=0 
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• <1)1 Cj* j ^ 0=^*** 

|| u - v || = Vl 


Za v 


juOl^lil < 3 


£-* X«L«i» U jl j~ i Wj V ^-4 


J| ^ X-U^- 


U Otf &1 < 4 

: ol u*j*^ ^ 5 


A = {1 + x, l - x} 

• Pi 

. P| t-LviAU a J-*I jc-* <_-L>l A d j ( ^ 

. P j ►Lua.aU «JL<LiO >U*i J} A (J_^" ( 

^JaioJI jualx"ill (Gram - Schmidt) OtU-o-uj _ 4 • 5 

^IaUI *sA* jSm S-uLcuJl cjIp 

ip iS^ Jdj^‘ O " *- ^ 1 - *Lrfl L^l j V? — ** ’■*+* 1 

. i*k-» Sjubcu ip ,J1 JLi-lJJl w r >jJ& *U«i i/ 4^-~* 

j L-la j- <Li — *Jl C^L^LuJl {ja <e-j+j*A {lip U 2 , ...» U n } (1)1 o*j*^ 

.V J^loJl 

J! UJ>^' {«!. U 2> -> U n> L> ^ ° W -'T^ 

. i*laX« oJL*Lc* 
w, = U, ol J>£ ( 1 
w 2 = u 2 - k,w t ol ( 2 

; ► W, , W 2 Oj-^-d d)l J-» oJ_i ^ 


^ »r 


jj— *J l 0-i J 
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.«.v 


• (J ^** 1 a j bljpf Jb* Oli iV »UiiJl i_LJ B ol U. 

V = a lV , + a 2 v 2 + ... + a n v n 

:&\ 

< v, V, > = < a,v, + % v 2 + ... + a n v n , v, > 

= a, < V, , Vj > +aj < v 2) Vj > + ... + a, < V., v, > + ... + a n < v fl) v. > 

= 0 + 0 + + a f + 0 + ... + 0 

i J5U a,. = < v, v, > : Oil 
:0t -b«j (1) J yjiuyd L 

v =<v, v, >v,+ < V| v 2 > v 2 + ...+- < V| v n >v n 



• y j x Jaii o\S lilj iij 
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< w 2I w, > 

<w 3 , w, 

< W 3> w, > 




w. = (1, 1,-1) -®i 


w - u, - K i W * J 

< W 2 , W, >= 0 ^ W 2 - 2 


:0M 


= <u 2 -K 1 W„W i > 


: 1(1) +4(1) + (“4)( 
: 9 - 3K, =0 


£ —3 : oi J 


: Oil 


W 2 — (1,4, -4) -3(1,1, -0 
= (1 , 4 — 4) — (3, 3, —3) 
= (- 2 , 1 ,- 1 ) 




Wj = Uj _ K,W, - K,W 2 j = 

. < w 3 , Wj >r 0 


:0il 


Uj - K,w, - K,W 2 , w, > 


: < Uj - ^1 "I Z ^ W W, > 

,<u„W 1 >-K,<W„W,>-^<W J , ■ 

: 1 - 3K, - 0 


«■ Abu'S 

3 M 


' . ki ‘, k , > < w 3 , w 2 > = o i^U < w 3, w, > = 0 

: Jl J-~ 

w n = u n - k,w, + k 2 w 2 + ... + k n _i w n-i ^ ( 4 




. k[ Jj, < w„ w 2 > = o 

ij w 3 - U 3 - k,w, - k 2 w 2 oT < 3 


< W n> W l > = °> < W n> W 2 >= 0 > * •' < W "’ W n-> > 0 

: ij* J 

K„K 2) ..... K n _j 

jji {jA oX«l*-L* {W, , W 2> ..., Wj i^J- 


Jl 




■ ytj «1>VI 


1 < i < n J£J Vj = 


W; 


II ^ j/ 


, a-X^Lo^Jl ^ {v, , V 2> .... V n } ip ^ jmJI 

•• 5 


{(1, 1. - 1), (1,4, -4), (1,2, 2)} 

■ di^J S^LJl «. U;. Jl S_L,UiJ[ ip, 


: c-JlT |j| 
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^ i>U- S'r***' 


, < W 2 . W, >= 0 ^ * L - J1 0 


< Uj, W , >= K, < W p W, > 


< Uj, W, > 


:0V» 


<w„w,> 

|| w, || 2 = <W„W,> : 01 v^ 


:0i» 


_<W 2 ,W,> 

K.i — ■ 


II W, IP 

ji.UdJ oJu-i _ iJptf 


{UpUj, 

ob i V y i/* *3-*: — * '**y**>* 

: <JUI ii^UL iUii* ip 


W, =u, 


W 2 = u 2 - 


< u 2 , W, > 

II W, ||* 


w, 


( 1 
( 2 


207 


< W„ W; > = < Uj - K, w, - KjWj, W, > 

= <u„W 2 > -K,<W,,W 2 > 

= -2-6K, = 0 

_ 1 ; jt _L*J JAJi 


W, = U 3 - iw, + V 


: jii 


3 ‘ 3 

3 


= (1,2,2) - ^(1, 1, -1) + ;(- 2 . “ J ) 
= (0, 2, 2) 


. 5-ULoJI L L ^ y •-!-* 

{(I, 1,-1), (-2, 1,-1), (0, 2, 2)} 

Jl oJL> j 




V. = 


W, 


II W, || 


_ ( 1,1 - 1 ) 

v/3 


(J?' Jr'Tj) 


V3 ) 

1-2, l-D / 2 1 1 

l|W211 2/5 \ V6' V6' vf 


v, = 


W. 


1 _ = ( 0 . 22 ) 

ii w 3 ii ~ur 


(°’ V2'7f) 


1 1 
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W— — MB 


AAT = [qi<b~qj 


lq 0 J 


1 0 l ■ ■ ' ol 

0 1 o . • 


0 0 10 


Lo o o o • 




i oX>bc> 0 jS si oX*bc«Ji »X«^1 Ol £V~" ' ^ 

. ix.bcJl X jL~J\ >-*» > CT^- , - r * J 


; ii yua^i\ ol 




A = 


cos 0 — sin 9 

sin 9 cos 9 


A -1 x»-j 


rj lj uxlo 0>& 




i A Op ‘4-5-L'J SJ 


_pl A ;jl*-p! Ol dr* 

.SX-bC 

:0^i i A" 1 = A T ol ^ 


A = 


cos 0 sin 9 
- sin 9 cos 9 
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I 


W 3 = u 3 — 


<u 3 . W, > w < u 3 , W,_> 

liw, II 2 


-W, - 


I w. 


W 2 


C 3 


:J1 


( 4 


cu n ,W, > W, <u„,W,>W,_ <^^1^ 


W = u — 

° " II W, II 2 


I W 2 II 2 


W B _, » 2 


^L—l op >n .x~j V 0L ^ 

_ f l y? ihJ,j iLkS- Cr- n J* <4*^ 

. V .LaiU ix.bc- v-L-l ip_^w»wJl «i* 

: iJUl oauxJl bL»f » jj li> 



IfiL iX.bcJl ii ji-A Jl Ui y> jlj 
: 0^» i ix.bc. <i A cJl? bj <j 1 ,^1 t Lj— . 

A" 1 = A T 


• ol X>xj viili {_x“ J 


AA t = I 


:0 ^ ‘Qp q 2 . •••> q n ^ a ;x^l bj 
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I 


•• o\ J^L 


< Ax, Ay > = < x, y > 


. oJu«Ui* is ja^i* A !■*■*-* 
&* 

■ ol J>«j JjLJ II {j* 

< Ax, Ay >= (Ax) T (Ay) 

. « x»\jCa ii yuAA A oSl = x T (A T A)y 


= < x,y> 


< Ax, Ay > = < x, y > 


liAJi {jaj 


1 * 4 • 5 ^jS6- 

• JiiUj S-A-lo. ii ^ 

: 1<>W X otf li| 4ii Jju ii_^J\ .Ju 


I Ax || = | 


4 ' 5 1 

Jl* 3 J \ 1 O' ^ 

.SUuJ 

, R 2^B = {(1.2),(1,3)}( 1 
,R3 = {(1, - 1, o), c- 1, 1, 1), (1. 1. -2)} C 2 

B = { (1 ,_ 1,-1), (2,0, 1,-D, (1,3, -4,0), (9, 0,0 0)} (3 

1 R 4 j 

. IM ^jaJI ^ >ui ^ p 2 0, ^ (4 


. i^.Uo iiji^. A O jSj LtXp 
II Ax II 2 = < Ax, Ax > 

^ ^4. .IV uy .oU^-li v> V 

. .j, UU ^ ou^i ^ J! . 

< Ax, Ax > = (Ax) t (Ax) 

= (x t A t )Ax) 

= x t (A t A)x 

= x T Ix = x 2 


I Ax|| a = X 2 = II x Ip 


I Ax 11 = 1 


’■o\ -UJ ^iJJi . . 


3.4.5 

'^ Ul V- > u.uji jau; 
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T I 


g(x) = x 1 , f(x) = x cJl* H < f. 8 > ( ' 

• OiJUbc- g(x) = 1 + ax, f(x) = x ulS ISl a^(v 

OlSty( 2 

v = (v,, v 2 ), u = (u p Uj) 

.J/j ‘R 2 

< u , v > = 2u,V, + U,Vj + UjV| + U2V 2 
R2 ^ U** sJyS < u, V > !i\ c^J 

sx-Ui* o. ^ A T ol 0>^i A ^ b J ( 3 

. UijI 

JUI) iiU y 3^1 + B J J»3 B •=■“ ' il( 4 

tuU> aji- (I - B) (1 + B)- 1 j\ &S 

:dyyi( 5 

{Up Uj, .... uj 

R° ,y ^'fr f { ^ **^ Ca • x ‘^ jCa V' 1 '''’ 

: H 

v = a,Uj + Wz + - + a ^ u k 


it 

IT 


i £.; 


• P 2 J v = b o + b > X + bzx2 ’ u = a 0 + a « x + *** 1 **« 'A 
: U5 p 2 ^ 

u.v = a 0 b 0 + a,b, + s^bj 

b Jbrjli t B = {1 + x + x 2 , 1 + 2x, 3} 'H 

|| 1 + x + x 2 || ( t 

. 1 + 2x 50»-jM ^ < V 

.uuijj ix.bo v-U Jlp - r 1 ^- ^ ( c 

P 2 

. UJ SJUbo o A T o\ ‘ A cJtf ( 5 

1 1 1 1-1 1 > ( 6 


A = 


2 

1 

2 
1 

2 

1 


2 

1 

2 

1 

2 

1 


2 

1 

2 

1 

2 

1 

2 J 


L2 2 2 

. iJu*bo 

• A 1 -b»-jti j*jOj oJlS - 

•toi o\S b|j \i\ ix.U^. A ol i UJU^ ojjLa- A oJlS lj| ( 7 

.A 2 = I 


.-■n- ■ -y* 
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II v || 2 = a? + a| + ... + a£ 
i{y,, y 2 , ..., y k } Lki- ilix — Jl £■ R“ ^ x oVS lij ( 6 

. Lk>- — • i)j£j {x, y, , Yji ■••» Yfc} ^j'*^**^ Cj*j^ 

if ^ jl ( 7 

{( 2 , 1 ,- 1 ), ( 1 , 2 , 1 )} 

: lH" t/N b . a (*^» i/ 1 ^ ( 8 


2U2I jJl 2LulaJl 
Eigenvectors and eigenvalues 


. o-ULc^ is Ji 


A1 jl.s> * 



Sx*l»c-« <-—1—1 { _^s- J oJl— — i ^1 3 , -1 , p ^ i 4 . - . ^ ( 9 

. ^ R 3 ►LaiU 

{( 1 , 0 , 1 ), ( 1 , 2 , - 2 ), ( 2 , - 1 , 1 )} 

: ^ a*s? ‘ 1*4^ 9 ^ISj R“ j 01<jsl* x, y jlS li| ( 10 

||x + y|p = ||x|| 2 + || y IP + 2 || x || || y || cos 0 



^ ^ *** 

j--* ^ ^ w ij " 

*’ Ax ^‘^ t s 4 *fc» ** 

uni ^ 1 3 Ml o^ 1 '-l 6 

— = ' 1.1.6 Ju>* 

R. . X > o~)l W ‘W* A ^ f 

,x ^xJO Uu U* Ax i* 1H A o>^-D ./« ^ *2 

| . ^ A ^ Ax = Ax J y- ^ 

. :■ ill ^J3 -. J*JU A o>^J ^ ^ 

.Aii^ul^' ^ 

.n x n f y & i^‘ ** 1 Dl ^ 


2: 




(j -?.< /M) -.A - ■ 

A v-iV l- 1 ®l‘ x l« #1 1 


y - 

N ( \\ 

■ l“. H 

_ [3-X 


'l- 1 


u> 

1 

V 


IA-XII- 


- 1 .. -XI , 

f' V 


= X 2 - 3X + 2 . 

= (X-l)(X-2) 


.(A - 1)(X - 2) = Oo\» i\ A - XI \= 0 :b\£~? 


; 0\ viiia yj 


X = 2 , X = 1 


-.1 

: ii ol-ill ^ 


2 1 0 
3 2 0 
0 0 4 


. Xx = Xlx ; o\ pUi 

^lAJl A nxn SJli U_i X o^vs 

y *i\» «,x 

Ax = XIx 

| (A - XI)x = 0 (1) 

j ,> > v~ x oN cn y,u*ij ,( x = o ji au^v] ^ ^ 

l-j • «3i' — i' '~iiyc3\ 

v*=*« *»«. ^ (A -M)-» Wl | A ,_ M y, 0 *, , H 
n ^ '* = 0 ** «> ^ J- <* (A - Al)-> o, 

ft , 

if. -1 A - M\= 0 

I CharaCterislic s *~* 1 A - AI|= Q ^ 

I • A oy^Ldl equation 


3 2 1 

-l O ' Wa1\ ^ j^j\ 


219 


218 



:ol J 

<j|i r 5o^JA = 2- V3jA = 2 + \^J A = 4 


A = j 2 j r 51 ’ 


r 2 

i 

O' 

1 

0 

O' 

A - AI = 3 

2 

0 

- A 0 

I 

0 

Lo 

0 

4. 

.0 

0 

1. 


2 - A 1 0 

3 2 - A 0 

0 0 4 - A 


-»-[v ,-4 


= (1 - A)(l - A) - (1)(2) 

= A 2 - 2A + 3 

: i>\ oDS o * j . . 

A 2 - 2A + 3 = 0 

n ■. 

A = l--v/2ijA=l + N/2iO^Jl A 0* c H'-> 

. A is j* iji jJi i/* 

ob ^ *** »»U*I v»A)' Oj* AS ol U* O' 


2 - A 1 0 

I A — AI | = 3 2 — A 0 j 

0 0 4 - A 

(viJliJl jl OJUI . — i^aJl ik _| jj SiJ^Jl .Ju _L 

2 - A II 

I A - AI I == (4 - A) 3 2 — A I 

0 0 I 

= (4-A) [(2 — A) (2 — A) — (3) (])] 
= (4 - A) (A 2 - 4A + 1) 


(4 - A) (A 2 - 4A + 1) = o 
A 2 - 4A + IA = 0 j! A = 4 o! -t.4 .iUS ^ 
A = 2±^ :ot-^ 
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: ilaU - J ' dr * 


(l-A)(A-l)(A + l)=° 

i \ = 1 : d •*** 

. A 5JUUI fJl\ S A = -1 J * “ 1 J 

... \ 1 ; d>^ 

yuj! .JU ^ ,; r K SjJ fc. A o>~J vW *-=*» ^ ** , .. 

c^j= *=» yt » j\ w ^ Ul at,Sl i ^ 

. A y olS i*J A j-uM Oj£iJ& i,J ^ J 


l . i . 6 ijjlflj 


JAo^./JolSj c^> ^ i. 

: A « yu**U 

. Ax = Ax ji>« x eS>^ «**• ^J* * 1 
. iiLi h yua* A — AI ( 2 

| A - AI |= 0 ( 3 


A o SJUH >^*d' 


o ijUJl Jjtj 


2 -1 1 

3 - 1 

0 0 1 


2- A -1 l 

3 -2 - A 1 

0 0 1 -A 


2 — A -1 o 
U|= 3 —2 — A 1 

0 0 l -a 

• oi a*u viJliJl ». — a-^zJ| V,^ 


(1 - A) 


2-A -i 
3 —2 — A 


)0)i 

( 1 -A)(A+l)(A + n 





•v^ 




'*0^ r* 1 


i »UipV. 


js 


■. o»l 


Ajljj! <*-Ji3t3 A <s># 



. X = 1 


UL~J\j A ^B »W«1 “oW* ^ JjUi °^' . . 

- . A = 2 UUll «•£ 

(A-AI)x 2 =0 
(A — 21)x 2 = 0 


i \ JJ \ 


. A = 2, A — 1 ,_y* A ii y -a~U V 1 -^' ^ ^ 1 / 

. A = 1 iJlJUl : ->_ ;U jJ* A>cJi iW*il *J 

: j \ j * l*J 

: cJtf (A - A,I)x, = 0 


zJS-V$ "-' ' 
u. ... ^ . 
fa 

: 0 ^ 


x , = 


.; i 1 ■• 


v. 


+ 2y, = 0 


jAI^j .. 


3 2 

-1 0 


:oi» 


- 1 


1 0 

0 1 

2 2 
-1 -1 


= 0 


= 0 

: o\ Jj;«J l 113 i ,yj 

| 2y,+2y 2 -0 

I - y '- yi=0 

\ l : Ui^3 •-** J>*ij 

$ y > = “*2 

I : - :oU vlJJiij t y, = — t ji y 2 = t 'X* *• c5jV~*“' j |Ji * y 2 ■**"*! 






x, =t 



•-{[■:]) 

: ^ jjUl JltJI J A ii>WJ M 2 -uai v-Uj 


B = 


Vli i-i J53 ; >UJI A ^ 

. is_yLaJl 


A = 


-1 -1 1 
-1 -1 1 

1 1 -1 


A - AI = 


. is aJL^J ijliil 


-1-A -1 1 

1 — 1 - A 1 

1 1 -1 - A 


I A-AI 1=0 


^ 3 
: jl 


| A-AI |= -A 2 (A + 3) 
-A 2 (A + 3) = 0 
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_ 6 ^\ii* 


y. = -2y 2 

: o\ -i y 2 = t ^ y 2 ijjLii-l j£-L 
yi = -2t 

:o^ niAJjuj 

I y. ‘ 1 “■ 1 ‘ ‘ 1 


X, = 


y 2 


-hHi 


I ^ j+ t ^ ^ J 

. Uai>- <ia_j 

| r -i 

j| ^ ^ A o_^JJ oox 2 = * I : 

■ A — 2. i_j\ jj\ 

o>4-aJJ A <jliJl i^iU i ^LJ! j x iJ\ J lSI J5 

W- OjZ, 'i ^JI oM R" j. .Ui 0j& 1 a 
f A s f"> aj x V-us ^WJ. js ^ Ui 
| R ‘ ^ ,Ui ^ ^ J! «U.VL A 

>UJI A (Eigcnspacc) JW\ .U^Jt ^ ^ ^ (jj> 

% 

. A i-jl jj\ *ay - j r 

!<• 

■• o\ J 

M a = {x6R":(A-M)x=0}U(m 

i:l Jlul ', ^ !f"” U ^ 

|: ; , J A «^11 M, ^u* .uai V-U ajtaj 

' <_y* 1> J .'- 
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‘i 

. j - -■ - 


jl 


, = t ^ y 3 


; ,M>j y 2 ' " yj 


y 2 




-yi 


- _t 


.y, A = -3 V ,JJI 'j 


;UJ| 


— t 


-1 

-1 

1 


M_ 3 ,/i» ^ ^ 


B = 


-I 

-1 

1 


. Mq ^-ijjt »uiU v-'-* j^ 3 riftj 


*2 = 


y. 

y 2 

Ly 3 J 


*-i -i 
-i -i 
i 


(A - 0 1)x 2 = 0 

: ji JJi 
0 


1 -1 



y ( 


y 2 


,y 3 . 


• oeV v 


ol JjU^; 


jijii >U-)| m_3 ^ ^ 

(A + 3I)x, = 0 


; -3 


yi 

y 2 

L y 3 J 


(A 4- 3I)x, = 0 


■ O'-’ 


0^ -k*«j 


‘2-i r 


’yi 

-1 2 1 


y 2 

1 1 2 


_y 3 . 


= 0 


I pUaJl LjjJ *— 

2y,.-y 2 + y 3 = ° 

y, + 2y 2 + y 3 = 0 

yi+y 2 + 2 y 3 = ° 

: <J\ J-^ '■** 

y,+y 3 = o 

y 2 + y 3 = o 
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A = 


a, | a i 2 ain 

0 &22 ^ 


Q 0 —0 ann 


A ol 


: 0 NI 


A — AI = 


a u " * a ' 2 

0 a^- A 

0 o 


a ^ 

a„„ - A 


o\ r±~j - jujj ^ ju 3 i 

. ^ j^Jl >iM 

I A - AI 1= (a„ - A) (322 - A )"* (a “ ' A) 

: Oi ^| A - AI |= 00 ^>^ 


k = a„, A = a 22J ••••> A- a m 


“1 


2 . 1-6 




.n x n £> «>- A - ^ 0l ^ 


.. ,. 6 ^ ji (Trace oO A / _ 

• ir -^ >** ^ ^ _ Tr (A ^ 



: J 1 UU * U*j 

-y, -y 2 +y3 = ° 

-y. - y 2 + y 3 = 0 
y. +y 2 -y3 = 0 

: cJl J -^ f o*y 
y. +y 2 -y3 = ° 

y , = t t — tj « L>is jy 3 = t , 

:^1 


X 2 = 


y> 

y 2 


l l *2 
*2 

= t l 

V 

0 

+ h 

'-f 

i 

73. 


. t, . 


_ij 


. °. 


; Mq ^iJJl ►LjaxJl a~— *UJ u)ij 


p 

■ 


( 

V 


’-I 1 


b =| 

0 

> 

l 


1 

_i_ 


0_ 

J 


I j*~0 j -JL* A o j ° . 1 1 4_J|JJI *_*— aJl <l)t (JUL*Jt l-XA ^ Uaj>-N 

. ^ yU5 J-P L$J»0 JJl A>«I*Jl Oj^i «1)I «X| ''i l kwflJjAlJl jj* ,j^J 


2 . 1.6 ij jlij 

vlJLt* <3 yuAA t ^ 5 _jip kl_lL* <i yi-A*) A-ii^. AS jjLa> A OJ15 \ij 
j ^iaiJl ^ A is jjL-a^U AjlJLJl pjJl ols iCaj^** as j'autM 


1 ■- 
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d iA T = AA 0l5j nxn^J^ A bl< 18 

^ .A = ±l 


• ^ jj in x n ^ A ^ ' 5 l ^ 19 

Tr(A + B)=Tr(A)+Tr(B)( 1 

.ijpavl^. Tr(aA) = aTr(A) ( ^ 
Tr(AB) = Tr (A)Tr(B) ( ^ 

. A Si JS-U. oUj. L j~~ S Tr(AA T ) o' ( 20 

jUsli jU~i \ j A, oASj 2 x 2 ^ ^ “J 2 -" A 0215 ' il(21 

:o\ <-A 

A 2 = (A t + * 2 ) A. + W . _ v _ 


<b jlaSJI 5 j^juall ^1 2 • 6 


SjjLS *i Jl A 5s>rfaJI Ji^' 

^ j*UJI J*Jl Cf «st VJJi ^ JJ ^ VL'- 

. *jJhOl\ AJ 

JiW ^ ^ </ 

ji5j SlWJl o (-^' J 4-4 ‘ 

,U»- !dfc~-Jl SJlJdl 


1.2.6 d^j*l 


. IU> oli pj ( ^ 

. o j <-iJb>- ill j j*-i ( ^ 

(^ < c 

. o-UJl ^sJl ^ L*J B J A o! ^ lA = M-'BM »M ( H 
Jjlj l^j A cJl£ li| <ji I A 2 = A J A CxilS 1 131 ( 12 

. A = 1 j! A = 0 i A ^ ja . ^ %13 

| AB ii _yLo^JJ i_jl jJl j v ^-— >*j 2x2 ^ ^ 

i-JljJI j A o jj»-^>..».l.l i— jljJl aJI i—i (_5 j 1— ~j N 

. B ii 

i. a JJ i-jl jJl m(J 1 ijj^J vl. 2x2 ^_jj fj^yua* 0j£ ( 14 

j. i-jUJl ^ .iJl j A ij j a ./}.*!.] i—jlJJl ^ ..a 11 £*_>■ tS J^— — j 'll A + B 

• . B ij jIa* JJ 

j' 

.iJlAJl ^Jill L^J A t A jl ,j> y ( 15 

’• ii S_jl AJI j ijUJl ^_a1I Ju*- _ jl ( 1 6 


1111 

1111 

1111 

1111 


| SI (diagonalizable) o>iJJ iLli 0^' A ^.r jl 


: isyua^ll Sjl Ul ol^uJl j ij\ JJ\ jbj-jl (17 

'0 1 0 1] 

A = 1 01 0 

0 10 1 

10 10 
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A. 0 
0 


D = 


.U*»- *1*— 


L o 0 0 ... 

: ,» AP 


Ax k = 


a 2l a 22 


2„i a. 


nl a "2 



[ a , l x lk + a 12 x 2k + + a m x ivl 

a 2l x lk + a 22 x 2k + + a 2 n x u 


; y* 


La n ,x, k + a n2 x 2 k + + a " nXnk 

PD ^J K <*“ ^ 


. iijA„Ajl P <LU a y_ n . j 

D = P-*AP 

. *J jhi 43 yuaj* 

• hj* 3 * A P 43 


A iija.si « ll a jj 

V— (_£ JJl Jt> ^jjl y 4 JUII 4j ^iaJl 


# 4j <Lli 


1 .2 . 6£»J£> 

ixii jLS" IjJj |j| 4_,>JLU 

iJLU n x n ^ ij A 

. Lk>- iiiL_ 

•Jl 4_jl-iJl jj^a n ^JLp A 45 n U 




. iJwlJ JJuli A ij ijl ^yj 
‘ D 4 j jiaj 45 jA . ^ jj P iLli 45 _^ 4 -A* J IJL* 


:oi 


D = P-‘AP 
PD = AP 


x lk A k 


X «k" 


t' 


’ x u 

x l2 ... 

X lnl 

x 2k A k 


x 2k 


i; -. 

■K \ 

p = 

X 21 

X 22 - 

- *2n 


= A k 


= A K x k 

b 1 

i . 

r 


- X nl 

X n2 - 

- X nn . 

- X nkV 


. X nk 








1 j : ^ 
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5> u. Jl ^ ajfi W ^ ^ *“ °', n 

»J v>f *• J#Jj -W 6ii •** > iJ ^ ‘Y“ 

. i>; SJU* Jl A J>~- J>» P Sj^* ^ 

^>s *W 

.Jjaill iluli is>ua* A„ xn Ot o*j^ 

: *j J./«»3I C) ^ 

p = bi P 2 pJ 

;' -,- _U . A O lT* P» P *’ •” ,P " ^ . 

. L^>- 

: Ajj till is j A^ a *J' 0j& ( V 


D = 


j^*jJl AP J K. <—j _^J Op i AP — PD of L*j 

• PD J K *—> j L S^Jl 
Ax k =A k x k :uij 

A is j ^ -i.ll j co x k j A is j a . /a • H i-jl i i*J A k ijl l-A* 

.A k iJl-UI i»JLU ^iJL* 

ijliJl ol 4 -»i^*Jl n 1<J Oj£j A ^ISUJMl iLlill is_^u<a*il Oil 

. LLi- iii: — »Jl 

lj\jJ\ o1^jl*J 1 n I 4 J A jl ij>VI «L»*iVl 

. LJa>- iU:— Jl 

ii jjLa*JJ Lki>- iUi..Jl i-ilAJl oLf>»i*Jl ,_** Xj,Xj, ... iX,, jl 
ot^jwulJ i JJL»Jl j A is jjLo^JJ iJlAJl p-s-iJI Ap Aj, •••» A„ 0L> A 

• X 1I X 21 ... I X B yUH 

: lil 


r*. 0 0 °1 


1 

• 

A, 0 0 

0 a 2 0 0 


D = 

0 A 2 0 

J’ 

0 

0 

0 




ill ^ji s>Ui v'^ ^ 


0 0 0 ... A n 


:0'N1 


D = p -, Ap 



, P = 


X l X 2 *n 


^ Jl t$3J* 'A*J 

AP = PD 

:ol Jl £*>. lj>j 

D = P"‘AP 

. <LU A 0^ L f*i IA*J 
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0 o o 

D = p-'Ap= 0 1 0 


*j jJl/i *rr 


i_j\ jJ\ CA. 


0 0 2 
i\ o 


i gviii o>3 
t \ U-> - 



.A ori^ x l> x 2 ^ 

v>\ 

a,x, + ajX 2 =0 ^ . V-.- 

: £=* (A) J (0 1 

a, Ax, + a 2 Ax 2 = 0 

•j 

a, A,X! + ajA 2 x 2 = 0 ^ 

:b\ £~i (2) o- c^'- 5 ^ (1) ii3Uj ' 

a,(X, X 2 )x, = 0 

iA ,_A 2 ^0 b\ (X, — X 2 ) = 0 0V-» 0 ^ 


A = 


1 0 1 
0 1 0 
1 2 1 






A - XI = 


I-X 0 1 

0 1 - A 0 

1 2 1 — A 


| A — XI | = (1 - A) [(1 - A)(l - A) — 0] + (1)[0 — (1 — X)] 
= (1 — A)(l — A)(l — A) — (1 — A) 

= (1 - A) [l — 2A + A — l] 

= (l-A)(A)(A-2) 


A = 0 , 1.2 

■ 4_j\ jjt Jl>J 


5 



:0il 


= 0 :o\i 


-i -2 r 
p= 0 10 

1 0 1 
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4_J|JUI oyj t X-JlJUl p— ill ,>• n A ^ ‘ — 

, \ 1-^ - 3tIr.-.» Ci j£j i-ll jjt j ill • x l 1 *2» ••■) x n 

. ^U;ll <LU j A ii 0i» *1-2.6 1 r *" 


-12 0 
2-10 
0 0 2 




. <j Jtxk U iijli 


j A-AI |= (A — 1)(2 — A)(A + 3) 

JLU A a. >~J| oy jUJo clik- v-ti r* A Ji! 

. iiUl i V— ^ 

: oi» *ilk o* -r^ J 


'l 0 0 
D=p _l Ap= 0 2 0 
0 0-3 




^ ^ , ,.t , | .,t . i u i ,ksU il*l> n x n 

.5^1 .1* zfy. J B JllJ1 


: 0 ot Jl *> ^ i ^ d ' 


a,x, + a^Xj + ajX 3 — 0 4 

: Ol A ^ (4) ibUJl 

a, Ax, + a^AXj + +a 3 Ax 3 = 0 

tdJJa <>*j 

a, A,x, + a 2 AjX 2 + ajAjX, = 0 (5) 

: Z>\ (5) {j* ^3 «y ^ Vr". 

a, (A, — A 3 )x, + a^Aj — A 3 )x 2 = 0 
.a, = a 2 = 0 * VJ*^- il )*^ ° ~ •-* x, , x 2 *— - r*~ j 

a 3 = 0 U-k*j (4) ^ 

u“^J P _y< a » 1 ' [_<-* *«<^ *— l ^- 4 -?* -~-* 3 ' l — ~r => ’ 

UjU j jiC; p Si dlA * ^ A J 

. Uai- <la:,.-* A Aiji,./?«A3 OjVS \i\ i ^VSUj’^kl 

; iJUl i ^3 Ui • -X a 

! 3.2.6 Sj jlaj 1 

j <i ^ - a JI dLi * n U. 3 J 1 P ijta pi A n x n ii jjLa-JJ oVS \i\ 

. Aj^iaiii aLU A 
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